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Abstract. We study the time evolution of a quantum particle in a Gaussian random environ- 
ment. We show that in the weak coupling limit the Wigner distribution of the wave function 
converges to a solution of a linear Boltzmann equation globally in time. The Boltzmann collision 
kernel is given by the Born approximation of the quantum differential scattering cross section. 

1. Introduction. 

Schrodinger equations with random potentials describe the motion of quantum particles 
in a random environment such as electrons in a semiconductor. The random potential is 
modeled by a Gaussian random field V(x) = V UJ (x) in R d , d > 2, with EV(x) = and 
covariance G{x — y) := EV(x)V(y). We assume that G is spherically symmetric, smooth and 
decays fast at infinity. Let ifit = ifj t ,Lu £ L 2 (R d ) solve the random Schrodinger equation 



with a coupling constant < A < 1. Here x,t are atomic (microscopic) space and time 
coordinates. 

Our goal is to understand the long time behavior of the random Schrodinger equation 
(1.1). The first scaling yielding a nontrivial (non-free) evolution is the weak coupling limit 
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which we now describe. Let e be the scaling parameter which determines the ratio of the 
microscopic and macroscopic scales, and let 

(X,T) := (xe,te) (1.2) 

be the macroscopic coordinates. Note that the velocity is not rescaled, V = v. The coupling 
constant is chosen to scale as 

X = Ve- (1.3) 

This is called the weak coupling limit . 

The Gaussian random potential can be replaced with a potential generated by random 
point obstacles: 

V u (x) = y^ j V (x - x a (to)) 

a 

where {x a {uj)} is a random point process (say Poisson) with a density g. In this setting, we 
can consider both the weak coupling limit p = 1, A = -Je and the low density limit 

p = e , A = 1 . 

The model we just described in the low density limit is the quantum analogue of a classical 
Lorentz gas. It is proved by G. Gallavotti [5], H. Spohn [9] and Boldrighini, Bunimovich and 
Sinai [1] that the evolution of the phase space density of a classical Lorentz gas converges 
to a linear Boltzmann equation. For the weak coupling limit, the velocity field under the 
classical dynamics converges to a Brownian motion on the energy surface, see Kesten and 
Papanicolaou [7] and Durr, Goldstein and Lebowitz [2]. 

The picture changes for the quantum dynamics. It was first proved by H. Spohn [8] that 
for sufficiently small T the weak coupling limit of the quantum dynamics (1.1) is governed by 
a linear Boltzmann equation. His result was extended to higher order correlation functions by 
Ho, Landau and Wilkins [6] under the same assumption. Notice that, instead of converging 
to a Brownian motion, it converges now to a Boltzmann equation. For the low density limit, 
the quantum Lorentz gas still converges to a Boltzmann equation [3]. In this model the 
Boltzmann collision kernel a(U, V) is the full quantum scattering cross section. Hence the 
full quantum collision mechanism is preserved in the scaling limit. In the weak coupling limit 
only the first Born approximation of the quantum scattering cross section appears in the 
limiting Boltzmann equation. 
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The main objective of this paper is to prove the convergence of the quantum dynamics 
(1.1) to a Boltzmann equation in the weak coupling limit globally in time. An outline of 
our approach was given in [3] focusing on point obstacles in the low density limit. This 
approach was very robust and the point obstacles can be replaced by random fields with 
certain modifications in the estimates. We choose in this paper the Gaussian law for the 
random potential only to fix the convention. The approach of [8, 6] relies on the convergence 
of the Duhamel expansion and is valid only for the Gaussian law in short time. Our approach, 
though still based on Duhamel formula, estimates directly the error terms in the Duhamel 
formula (rather than expand them to infinity) and the precise tail behavior of the Gaussian 
law is not used. We shall consider the case d > 2 in this paper. The case of dimension d = 1 
is different. We do not know the limit equation for the choice of weak coupling limit (1.2) and 
(1.3). Some logarithmic scaling was considered in a recent preprint [4], obtaining a modified 
Boltzmann equation in the case the potential of the obstacle is a delta function. 

Recall that the linear Boltzmann equation with collision kernel cr(U, V) is 



d T F T (X,V) + V ■ V X F T (X,V) = J (j(U,V)Ft(X,U)-(t(V,U)Ft(X,V) 

= j ' a(U,V)F T (X, U)dU - a (V)F T (X, V) 



dU 



(1.4) 



with the total cross section a (V) := J a(V,U)dU. In case of elastic collision, a(U, V) is 
supported on the set {(U, V) : U 2 = V 2 } (onshell condition). If, in addition, the collision 
mechanism is spherically symmetric, then a(U, V) = a(U — V) and (Jq(V) depends only on 

\v\. 

1.2 Notations. 

For convenience, we fix a convention to avoid problems with the (27r)'s in the Fourier 
transform. We define dx to be the Lebesgue measure on R d divided by (27r) d / 2 , i.e. 



/ 



dx = — _ NW/2 / d*x , 



(27r) d / 2 

where the notation d*x is reserved for the genuine <i-dimensional Lebesgue measure, which 
will rarely be used. This convention will apply to any space or momentum variables (like 
x,y,p,q,r,v etc.) in (i-dimensions, but not to one dimensional integrations (like time vari- 
ables s, t and their conjugate variables a, (3 etc.), where these symbols still mean the Lebesgue 
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measure. With this convention, the <i-dimensional Fourier transform (usually denoted by hat) 
is 

Tip) = Ff(p) ■■= J f(x)e~^dx 

and its inverse 

f(x)=F- 1 f(x)= J T(p)e ipx dp. 
From this notation is follows that 

(where 8(p) is understood with respect to the dp measure), while in one dimension 

/oo 
e iat da = 2n5(t) . 
-oo 

To avoid confusion, the notation f is reserved for J Rd , and the limits of integration are always 
indicated for one dimensional integrals (with Lebesgue measure). 

The Wigner transform of a function ifj e L 2 (H d ) is defined as 

W^(x,v):= Je^fv-^fv+^dv; (1.5) 

in position space it is 

W^(x,v) = J e ivy ^(x+^(x- V ^jdy. 



Define the rescaled Wigner transform as 

'X 
e 

Let J(X,V) be a function in the Schwarz space S(R d x R d ) . We need to compute the 
expectation value of the quantity 



W$(X, V) := £ - d W^-,v). 



Oj := (J, WD = J J(X, V)W^ t (X, V)dXdV . 

Recall that X = xe, T = te and V = v. Let J e (x,v) := J(xe,v) and J £ (£,v) = e~ d J(^e~ x ,v) 
denote the Fourier transform in the first variable. Notice that J e (x,v) 7^ e d J (ex, v) and 
J J £ (x,v)dxdv = e~ d with our convention. We can rewrite 3 e as 

J e = J J(xe, v)W^ t (x, v)dxdv = J J s (x,v)W^ t (x,v)dxdv . 



WEAK COUPLING LIMIT OF RANDOM SCHRODINGER EQUATION 



5 



In the Fourier space, it is 



J e = J J e {^v)W^v)d£dv = e- d J J&-\v)$ t (v-^ t (v+^)dtidv (1.6) 
where we have used the definition (1.5) that 



W*(£,t/) = &(t/-|)ft(t;+|) . (1.7) 
Following the usual convention, we use 

<x>:= (1 + x 2 ) 1 / 2 . 
Define the following norm for functions on H d 

\\f\\^: = \\<x> a <V x > f3 f(x)\\ 2 . (1.8) 

1.3 Main Result. 

Assumption on the potential and the initial function: 

We consider a centered real Gaussian field V(x) with covariance G(x — y) := ~EV(x)V(y). 
Since G is real, G(p) = G(—p). From the property of the covariance, G{p) > 0. Thus we can 
define R(p) := G(p) 1 / 2 . The covariance of V in the Fourier space can be written as 

EV(p)V(q) = 8{p + q)G(p) = 8{p + q)R(p)R(q) 

and 



BV(p)V(q) = 8(p - q)G(p) = S(p - q)R(p)R(q) 
We assume R to be radially symmetric and smooth. In fact 



\\R(p)\\20d,20d < oo (1.9) 



is enough, but for simplicity we assume R G S(R d ). 
We shall choose the initial data 

^ Q ( x ) = ^ Q {x) ■= e d/2 h(ex)e iS(£x) / £ 
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with some h, S E S(R d ). We never use the full smoothness and decay properties of the 
Schwarz space and some weaker conditions such as ||/i||20d,20d < 00 an d ||5'||20d,20d < 00 are 
sufficient. Clearly, iI)q satisfies 

I <P> 20d r (p)\\ 2 <c (1.10) 

with some constant C uniformly in e. It is well known that 

Wfo(X, V) -> \h(X)\ 2 5(V - VS(X)) := F (X, V) (1.11) 
weakly in S(R 2d ) as e — > 0. 

Theorem 1.1 . Let A = yfe, d > 2 and let u solve the Schrddinger equation (1.1) with 
initial condition 

%(x) :=e d / 2 h(ex)ew(^&y (1.12) 

Assume that h(X), S(Y) are in the Schwarz class. In d = 2 we assume in addition that the set 
{(X,V) : V = 0} has zero measure with respect to the probability measure Fo(X,V)dXdV 
(cf. (1.11)). Then for any T > 

EW^ (X,V) ^ F T (X,V) 

weakly in S(R 2d ) as e — > , and Ft satisfies the linear Boltzmann equation (1-4) with initial 
condition F (X, V) and collision kernel a(U, V) = 4nG(U - V)5(U 2 - V 2 ). 

Convention 1. Throughout the paper, C denotes various constants which depend on d, T, h, 
S and R but does not depend on e. 

Convention 2. The random parameter 10 will be omitted from the notation in most cases. 

2. Outline of the Proof. 
2.1 The Duhamel formula. 

The Duhamel formula states that for any n > 1 

n -l 

^ = e-^Vo = M) + *n W , (2-1) 

n=0 
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where H = — iA, 



A " / •••/ (flds j y(t-J2s j y- iSoHo Ve- iSlHo V...Ve- is - Ho ^o 

^° ^° j=0 j=0 

Jo 



M*) ■■= (-0' 



and 



is the error term. Sometimes we shall use the notations 



Mt) := \Vij> n -i(t) 



and 



We shall choose 



no — 1 
n=0 



n = n (e) 
with some small fixed 7 > 0. Notice that 



7] lQ g £ l 
log I log e| 



(2.2) 



£«|log£| n °( e ) -> and £ c 

as £ — > for any a > 7. 

For any subset J C N, we use the convention that 



no(e) 



1^0 



(2.3) 



Pi ■■= {ft : ie /} 



We also introduce the infinite sequence 



P := {po,Pi,---} • 



In the special case 



I n := {0, 1, . . . ,n} 



we denote p n := pi n . Denote p n ^ := P/„\{o}- Define the kernel for the free evolution in the 
Fourier (momentum) space by 

K(t;p,I) :=K(t; Pl ) = (-i)"'"" 1 f (j{ ds 3 )8{t - £ s 3 ) \{ e"^/ 2 . (2.4) 

Jo iei iei iei 
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Again, we denote the special case I = I n by 

K(t;p, n) :=K(t;p,I n ) . 

Denote the contribution from the potential term by 



n-l 

L(p,n) :=Hv( Pj -p j+1 ) . (2.5) 

3=0 



Then we can rewrite the n— th order wave function as 



initio) = X n J dp n ~K(t;p,n)L(p,n)$ (p n ) . (2.6) 

The decomposition (2.1) has the disadvantage that the threshold n depends on the scaling 
parameter. Hence, we rewrite it as 



M-l n,,-l 



£ Mt) + E + *n (t) = i>r in + 1> 



error 
t 1 



M-l 



n=0 n=M 

where 
and 

n — 1 

^error = ^error . = + ^ (t) 

n=M 

We shall show in Sections 3. and 5. that for any T > 



lim limE||^7- M || 2 =0. (2.7) 



From the unitarity of the Schrodinger evolution, \\^t\\ 2 = 1 for all t. Thus ||^ mam || 2 i s 
bounded from the inequality 

||$m«»||2 < 2 ||^||2 + 2 ||^error||2 _ 

We shall consider test functions V = T £ in Fourier space such that r e (£, u) G L|(R d , L^°(R d )) 
uniformly in s, i.e. 

sup / sup|r e (£,v)|d£<oo. (2.8) 

0<£<1J V 
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In particular T £ = J £ satisfies (2.8). The expected value of the observable generated by a 
test function in this class is bounded in the sense that 



<C{ / sup|r(f,u)|df IE 



E / r(S,v)W4,(S,v)d£dv 



To prove this, we have from the Schwarz inequality and (1.7) 



(2.9) 



E / r(£,v)W^,v)d{dv 



<e| d£dv\mv)\^(v-^)\ 2 + \$(v + ^) 
<c[f sup|r(e,t;)|^)E||^|| 2 . 



We can generalize this inequality to prove the continuity of the expected value of the observ- 
ables with respect to the decomposition of the wave function in 1? . Suppose that we have a 
decomposition of a wave function ip = ipi + ip^. Then 

E0 £ J -E J J e ^,v)W^,v)d^dv = E J J e (£,v) [%(^,v) - W^fov)] d£dv 

From the Schwarz inequality and (1.7) 



W^,v)-W^,v) 



<C a 



+ a 



a 



+ a 



-l 



Optimizing a, we have 



BO J e -E J e (t,v)W^(t,v)d£dv 



<c(sup / snp\J £ (C,v)\dc)VWhFWh¥ ■ (2-10) 



£<1 J V 



We use this for = ^™ a%n ? ip 2 = ip^ rror . We already know from (2.7) that the L 2 norm of 
the error terms vanishes. Therefore, 



lim EC?/ = lim lim E / J e (e,v)W^ m a in (£,v)d£dv 



(2.11) 



So we only have to compute the Wigner distribution of the main term in the limit. This will 
be done in Section 4. 
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2.2 Pairings. 

We shall compute the expectation of the Wigner transform. Define 

Ul n ,(t):=E jT^$ n (t,v-^)$ n .(t,v+£yvdZ (2.12) 

for any n,n' > and any testfunction r(£, v) G L^(K d , L£°(R d )) (i.e. / sup„ \T(£,v)\d$, < oo). 
From (1.6) we have formally 

oo ^ 

limE0 e J ~ V \imU^ n ,(T/s) . 

n,n'=0 

Note that if T(£,v) = 5(0 then 

is simply the expectation of the L 2 norm of ip n . Recall J s (x,v) := J(xe,v), J s (£,v) = 
e~ d J(£,e~ 1 ,v) and certainly J £ (£,v) G L^(R d , L£°(R d )) uniformly in e. 

By definition of ip n (2.6), U^ n , has two sets of potentials with the following arguments: 

X n V( Po - Pi)V( Pl - p 2 ) . . . y(p n _! - p n ) 

^V(p' -p' 1 )V(p' 1 -p' 2 ) . -Pn') 

with po := v — ^/2, £>q := t> + £/2. Since y is Gaussian, we can compute the expectation of 
Un n' explicitly. This introduces pairings of potentials and yields delta functions among the 
momenta. Clearly, U^ n , = if n + n' is odd. We divide the delta functions into the following 
three types: 

Type I : 5(-pi+ p l+1 - p 3 + p j+1 ) i < j 

Type I' : <J(p< - p' l+1 + p' 3 - p' j+1 ) i < j 

Type II: 5(-p t + p l+1 + p' d - p' j+1 ) . 

In all these delta functions, each pi and p\ with < i < n, < i' < n' appear exactly twice 
with opposite signs, p' and p n once with plus sign, and po and p' n , once with a minus sign. 
Finally, the relation p = v — £/2, p' Q = v + £/2 is expressed by 5(po —p' +£), i.e. we add 



Type 111(0: S(p - p' + 
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to our list. In particular, p = p' if £ = 0, which is needed for computing the L 2 -norm. We 
have exactly ' n ^ L - + 1 = n + 1 delta functions with n := J2 -^ 2 -. Notice that if add up the 
arguments of all these delta functions, we arrive at a new delta function S(p n — p' n , + £)• We 
can replace the delta function 5(po — p'q + £) by the new delta funtion 5(p n — p' n , + £). 
Define 

n-l 

F(p, n) := J] flfo - p J+1 )MPn) ■ (2.13) 
i=o 

and let 

$(p) ■■=< P > 2 ° d \MP)\ ■ (2.14) 

By the property of the initial wave function (1.10), we have $ G L 2 . 

Let II n)TJ / denote the set of all pairing with n copies of V and n' copies of V. Denote 
by A^p, p') the product of Type I, F, and II delta functions associated with the pairing n. 
With these notations, we have 



U£ n ,=Ej Jd£dvr(Z,v)$ n (t,v-l)$ n .(t,v+l)= C * ( 2 - 15 ) 



with 



(2.16) 



d£dvT{£,v) J dp n dp' n ,K{t,p, n)K{t,p',n') 

x A w (p, p')F{^n)F(p', n')6(po - v + Z/2)8(p f - v - £/2) . 
Here F is defined in (2.13). In the special case that V is just the delta function in £, we drop 
the superscript V. This is needed when we estimate the L 2 norm. We shall use the notation 

A|(p, p') := A w (p, p')<y(po - Po + = A 7r (p, p')5(Po - Pn' + 

Notice that the product of all delta functions in (2.16) is A|(p, p')8(po — v + £/2). When 
computing L 2 -norm, we shall need A° i.e. £ = 0. Therefore, 

C T := X n+n ' J dp n dp' n ,K(t,p,n)K(t, p', n')Aj (p, p')F(p^)F(p', n') . (2.17) 

Next, we describe the structure of A|(p, p'). Sometimes we shall consider the two sets of 
momenta in a unified way, hence we define 

wj := p n -j, < j < n ; w n+j+1 := p' p < j < ri (2.18) 

Denote by w = (wo, w\, wz, . . . ). We shall use the (p n , p^,) and the w 2 n+i notations 
simultaneously where 2n = n + n'. 
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Definition 2.1 . We consider products of delta functions with arguments that are linear 
combinations of the momenta {wq, w±, . . . , w^n+i}- Two products of such delta functions are 
called equivalent if they determine the same affine subspace o/R 2n+2 = {(two? w ii ■ ■ • ? W2n+i)}- 
The rank of a product of deltafunctions is the codimension of this affine subspace. 

One can obtain new delta functions from the given ones, by taking linear combinations of 
their arguments. In particular, we can obtain identifications of momenta. 

Definition 2.2. The product of delta functions A|(w) forces a new delta function 5(5^ • ajWj), 
ifYlj a j w j = is an identity in the affine subspace determined by A|(w). If A|(w) forces 
5(wi — Wj), with some i,j, then we say it forces the identification Wi = Wj. 

Lemma 2.3 . (I) For every pairing tt, there exists a partition AUB = {0, 1,2,.. . 2n, 2n + l}, 
A n B = such that 

(i) \A\ = \B\ = n + 1, e A, 2n + 1 e B, 

(ii) A|(p, p') = A|(w) is equivalent to the product of the following delta functions: 

s(wj - ±w e) ^ e 5, j ^ 2n + 1 

and 5(w - w 2 n+i + • 
In other words, we have 

w B =M w A +^e 1 (2.19) 

where wa := (we : £ G A) T , wg := (wj : j E B) T and e := (0,0,... ,0, 1) T . Here 
M.0 = M.^ is an (n + 1) x (n + 1) matrix, such that all its entries are or ±1 and each 
row contains one more +1 than —1. In particular, each row has an odd number of nonzero 
elements. We can order the elements in B by B = {b\ <...<&„<...< 6n+i} ; o,nd 
similarly for A = {a\ < . . . < a M < . . . < a^ + i}. Then the matrix M.q = (m Vj ^j has the 
property that m vll = if a M > b v . The rank of A| ( w) is n + 1 . 

(II) Let A|(p, p') be the product of a subset of delta functions in A|(p, p'), which contains 
r < n delta functions. We also assume that 5 (p n —p' n , +£) is forced by A|(p, p'). Then the sets 
A, B can be chosen exactly with the properties above, except that \B\ = r and \A\ = 2n + 2 — r. 
The dimension of M.q is r x (2n — r + 2) but all the other properties of M.q are the same. 
The rank of A|(p, p') is r. 

Remark. By definition of B, the last line of (2.19) is ^2n+i = ^0 + C (recall 6n+i = 2n + 1). 
This is the sum of the arguments of all delta functions in A|(w). 
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The proof of Lemma 2.3 is based upon a simple Gaussian elimination. From the coefficients 
in the arguments of the delta functions in Af (w) we form an (n+1) x (2n+l) matrix. Each row 
of this matrix corresponds to a delta function, and each column corresponds to a momentum 
Wk, k = 0, 1, . . . 2n + 1. The set B consists of the biggest indices that appear among the 
arguments in each delta function. The complementary set is A. The corresponding momenta 
are called B— and A— momenta, respectively. Then we perform a Gaussian elimination to 
express the S-momenta as linear combinations of the A-momenta. It is easy to show that, 



after the elimination, the matrix has the structure 



Mo 



I 



with a matrix A4 described 



in the Lemma. The details are given in the Appendix. 
2.3 Graphs. 

We classify the pairings according to their combinatorial structure. This classification and 
certain properties of the pairings are easier to illustrate in a graphical representation. For 
any pairing n G II n)7J / we define a graph G = as follows (Fig. 1). There are n + n' 
bullets arranged in two lines. They represent the potentials in ifj n and ip n r. The upper line 
correspond to tp n , the lower line to tp n >. The initial wave function ^o(Pn)V , o(Pn / ) * s denoted 
by a small square on the right side of the picture. The observable 

J dtdvT{t, v)5(p - v + Z/2)8(p'o ~ v - C/2) = r(p' -p , (p + p' )/2 

is denoted by a small square on the left. The bullets are joined by directed arrows repre- 
senting momenta; pi, . . .p n -i,p[, . . .p' n ,_ x . The squares are connected with the first and last 
bullets by arrows corresponding to Po,PoiPn,p' n i as shown on Fig. 1. The arrows are called 
momentum lines, denoted by e(pi) and e(p' i ), the argument referring to the corresponding mo- 
mentum. The bullets and the squares with the arrows form a directed circle graph, denoted 
by C. 

Type I, F and II delta functions are represented by undirected dashed lines joining two 
bullets and we call them pairing lines. We draw these lines outside of C. For example, Fig 
1. represents a pairing tt e n 6; 4 with the following deltafunctions: S(— po + pi — P2 +P3), 

S(~Pl +P2-P3 +P4), $(-P4 +P5 +P3-P4), $(-P5+P6 +P3-P2) and S (Po -Pi +P1-P2)- 

Notice that the signs of the momenta in the arguments correspond to the direction of the 
arrows. At any bullet, an incoming arrow involves a plus sign, an outgoing one involves a 
minus sign in the delta function pairing that bullet. 
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Fig. 1 



Type 111(C) delta function 5(po — p' + £) corresponds to a momentum transfer £ at the 
left square. Recall that by adding up the arguments of all the delta functions, we arrive at 
5(p n —p' n i +£)> implying a momentum transfer £ at the right square as well. The actual value 
£ of these momentum transfers will not play any role in the definitions and theorems related 
to the graphical representations. We can set £ = for simplicity. The classification of the 
pairings will depend only on Type I, I', II delta functions. 

Sometimes we use the notation wq, wi, . . . , ^2n+i for labelling the momentum lines. The 
momentum and pairing lines together are called the edges of G n , while the bullets and squares 
are called the vertices of G n . The set of edges of a graph G is E(G), the set of vertices is 
V(G). We introduce the following classes of pairings: 

Definition 2.4. The pairing ir e H n ,n' is called crossing if there exist two delta functions 
among Type I, V and II; S(wi — Wi+i + Wj — Wj+i) and 5(wk — Wk+i + W£ — we+i) such that 
i < k < j < i. Otherwise, the pairing is called noncrossing. 

Definition 2.5. A noncrossing pairing is called nested if there are two Type I delta functions 
5(-pi+p l+1 -pj+p j+1 ), 5(-p k +p k+1 -p u +p u+1 ) withi<k<u<j or there are two Type 
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I' delta functions Sip- - p' i+1 + p} - p' j+1 ), S(p' k - p' k+1 + p' u - p' u+1 ) with %' < k! < u' < j' . 
A noncrossing and nonnested pairing is called simple. 

Remark. These notions could be denned directly by using the graph of a pairing. Obviously, 
tv is crossing if and only if it is not possible to draw all the pairing lines in G n without 
crossings. Recall that the pairing lines are always drawn outside C. Similarly, a noncrossing 
7T is nested if and only if G n contains two Type I (or two Type I') pairing lines such that 
one is fully inside the other. These pairing lines are called outer and inner deltas. The inner 
delta 5(—pk + Pk+i — p u + Pu+i) is called minimal if u = k + 1. Fig. 2 shows a nest with 
Type I delta functions. 

r — — — — — — — — — — — — — — — — — — — — — — — — — n 

1 outer delta 1 

i irmerdelta ! 

i i 1 i i i i i 
i i 1 i i i i i 
— — • • — — • — — — 

Pi Pi+1 Pk Pk+1 Pu+1 Pj Pj+1 

Fig. 2 

The inner delta is minimal, i.e. u=k+l. 

Recall the Definition 2.2 of the forced identification. The following Lemma gives a char- 
acterization of the forced identifications in terms of the graph: 

Lemma 2.6 . The product of delta functions A°(w) forces u>i = Wj, for some < i,j < 
2n + 1, if and only if the removal of the two momentum lines corresponding to Wi,Wj makes 
the graph G n disconnected. 

The proof of Lemma 2.6 is given in the Appendix. Observe that this Lemma properly 
contains the identifications po = p' and p n = p' n ,, as the removal of one of these pairs of 
momentum lines makes one of the squares disconnected. Finally, the relation between the 
graphical and matrix representation of the crossing pairing is given in the following lemma 
which will be proved in the appendix. Recall the construction of the matrix in the 

proof of Lemma 2.3. 

Lemma 2.7 . A pairing ix G Ii n ,n' is crossing if and only if there is a row in the matrix 
Ai\ which has more than one nonzero element. 
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3. L 2 Estimates of the Duhamel formula. 



We first fix some notations. The following property can be easily checked 



1 Vr 1 1 C n 



< Pn > 2d n < Pj - Pj+1 >2d < < pk >2d ( 3 - 1 ) 
for any < k < n. Hence 

1 n— 1 1 9 1 n— 1 1 

1 TT * < (jn TT 1 TT i (3 2) 

< > 2M tj: < Pj - Pj+1 > 2M - y < > 2d L L n < Pj - Pj+1 > 2d 

for any numbers £\ 1 £2, . . .£q between and n. It is impossible to have the product of all 
factors, Yij < Pj >~ 2d , but one has the freedom to choose some of them as we did in (3.2). 
By the assumption (1.9) on R and the last inequality, F satisfies 

»)i ^ n <PJ - W+1>3M * n 7^ n <PJ - W+1>M 

(3.3) 

for any £i,£%, . . . ,£g < n. 
Define the measure 

|$(p n )| 2 rf Pn Tnr 1 1 
MPnJ '" <Pn> 2M /i<P,-^ + l> 2 ° d ' 

or, more generally for any set I := 12, ■ ■ ■ i n } 

MPi) ■■= — 20d 11 — _ T20d • ( 3 - 4 ) 

- A„ ^ J=Q ^ Pi, Pi j+1 

To estimate this measure we shall recall (3.2) yielding 

, , ^ g"|t(p„)i 2 dp„ y r 1 1 

<Wp - ) - nu < n, >- n < P „- PlJ+1 >- • (3 - 6) 

for any £\,li, . . .£9. Moreover, we also have the simple inequality 

S q P < p - q > 2 0d< q- r >20d - <p _ r >20d • ( 3 - 6 ) 



WEAK COUPLING LIMIT OF RANDOM SCHRODINGER EQUATION 
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Lemma 3.1 . We have the following identity and estimate for rj > 

K(t, p, 7) = ze^ 2 [ dae~ iat J] L— - , (3.7) 

| g(t ,p,/)|<c/dan |a _ PjV 1 2 + ft - 1| (3-8) 
(note i/mi t/ie estimate is finite only for \I\ > 2), and for any a < 1, \I\ > 2, 

r \ c ^) 

/ \K(t, p, I)\ 2 dp( Pl ) < -± ; — ^ . (3.9) 

Proof of Lemma 3.1. Since Sj > and <^£ — X^e/ Sj^j automatically guarantee that all Sj < t, 
the upper integration bound of t in the definition of K(t, p, 7) (2.4) can be replaced with oo. 
Hence 

K(t,p,/) = (-z)l / |- 1 e^ 2 l°° ... r {x\ds\\\e- i8 M/^) 5 U-Y^ s \ 

Jo Jo \jei J jei V jei J 

/OO I fOO 

dae~* at Jl ^ J e^-^/^^dsj 



/oo _-, 
- oo • r ^ 



Note that the same identity (and its proof) holds if we replace some of the p 2 in K{t, p, 7) 
with p 2 — ip (here p > 0). Recall that 7T(t, p, 7) depends only on the square of the momenta, 
i.e., the function 

K*(t, P 2 ,7):=K(t,p,7) (3.10) 
is well defined. The same proof yields the identity 

/OO 1 
dae~ iat J] — — - (3.11) 

for any a/ = {a,j : j G 7} with Im a < 0. This remark will be needed in Lemma 5.5. The 
proof of the estimate (3.8) is trivial with the choice of rj := t . In the following proof of 
(3.9), we shall take 7 = {0, • • • , n} for simplicity. 
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We claim the following two estimates hold for K with n := \I\ — 1; 



\K{t,pJ)\<- 



J \K(t lP ,I)\ 2 - a dfi( Pl )< (Cat 1 -*)" 0<a<l, n>l. 
The bound (3.9) follows from these two inequalities: 



(3.12) 
(3.13) 



J \K(t,p,I)\ 2 dfi( Pl ) < (^j J \K(t,p,I)\ 2 - a dv(pi) 



< 



C a t 



ill 



The proof of (3.12) is trivial from the original definition of K (2.4) with multiple time 
integrals. The denominator n! comes from the restriction ^2 ■ Sj = t in the time integration. 
We now prove (3.13). From the indentity of K (3.7) 



J |K(t,p,/)| 2 -^(p/) <c j dp(p/)( J^Jl la _ p2 j 2+ . t _ ll 



2-a 



(3.14) 



Denote by 



G(a, P0 , Pl ,---,p n - 2 ):= J] \ a -p* /2 + it-i\ 

je i\{n-l,n} 1 L 3' 1 



(3.15) 



For any fixed p n _i,p n denote by v the probability measure 



v[da) := R x ( a, p n -\ , p n ) da , 



where 



(3.16) 



R{ a, p n -i , p n ) := Z(p n -i,p n )\a - A + it 1 \\ct-B + it x | , A := p 2 n _ 1 /2,B 



and 



r 

Z{p n -i,p n ) := 

J — c 



| a — A + \a — B + irj\ 



Pn/2 

(3.17) 
(3.18) 



We have the simple estimate for Z: 



Z{p n - U p n ) < 



c 



\A - B + ir)\ 



1 + log+ 



A-B 



rj 



(3.19) 
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Rewrite the da integration in (3.14) as 

da Yl I 2/o , = Z (Pn-l,Pn) / Z/(rfa)G(a,p ,--- ,Pn-2) • (3.20) 

From the Holder inequality, 

y \K(t,p,I)\ 2 ~ a dii(-p I ) = J d/i(p 7 ) Z(p n _i,p n ) y v(da)G(a,p , ■ ■ ■ ,p n -2) 
< ! ^(p 7 )Z(p n _i,p n ) 2 - a / z/(rfa)G(«,p ,--- ,Pn- 2 ) 2_a • 

«/ J — oo 



2-a 



(3.21) 



Fix p n -i and p n . Using (3.2), the po ■ ■ ■ ,p n -2 integrations are explicitly estimated by 

y dn(pi)Z{p n - U p n ) 2 - a G(a,p , - ■ ■ ,p n - 2 f~ a 
< f dp n - 1 dp n Z(p n - U p n ) 2 - a mp n )\ 2 f 

~J < Pn-l > 2d < Pn > 2d J W-Pl 



dp 



n-2 



X 



/i— »" 

J \<X-Pn-l 



dp. 



n-3 



2 /2 + it~ l \ 2 ~ a < p n - 2 - Pn-l > 2d 

dpo 



1 \ 2 ~ a < Pn - 3 -Pn-2 > 2d 



-3/2 + it 

The following inequality can be checked easily : 

dpj-i 



x • • • x 



I lot - 



P 2 J2 + if 



-l|2-o <pQ _ pi y,2d ■ 



sup sup 

a Pj 



\a-p 2 _j2 + if 



< C n t l ~ a . 



(3.22) 



-l|2-o < >2d 

From this inequality, the integrations of Po---p n -2 (in this order) can be estimated by a 
constant times f 1 ~ a . Hence from (3.21) 



\K(f P ,I)\ 2 - a dv(pi)< (CJ 1 



t-aV 1 f \®(Pn)\ 2 dp n - X dp r 



< Pn -! > 2d < Pn > 2d 



Z(p n _ 1 ,p n ) 



2-a 



v(da) . 
(3.23) 



Since v is a probability measure, J v(da) = 1. By the Z estimate (3.19), 

y \K(t, P ,i)\ 2 - a d^ PI ) 



dpn-xdpn 



|$(p n )| 2 (l + log + 


2t (Pl- 


-1 - Pn) 


^2-a 


<Pn-l > 2d <p n > 2d \{PI-1 ~ 


-p 2 n )/2 + it- 1 \ 2 - a 



(3.24) 



We can now integrate dp n -\ 
sup / dp n -! 



(l + log+ 


2t(p 2 n _ 1 -p 2 n ) 


x 2-a 


< p n _! > 2d < p n > 2d | (p 2 n _ x - p 2 n )/2 + it- 1 ] 2 -* 



<C a t 



1-0 
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Since $ € L , the last integral in (3.24) is bounded by C a t a . We have thus proved 
(3.13). □ 

The proof of (3.13) has the following simple extension. Denote k = (fc , fci, • • - km) and 
||k|| = J^kj. Define Q* (the usage of the star in the notation will be clear later on) 



fco+l 



Q*(t;p;k) := K (t;p ,p , . . .p , . . . ,p m ,p m ... ,p m ) 

Then |Q*(t;p;k)| < CE(£,p,k) with 

E(£,p,k):= 



(3.25) 



<7o J [ 

00 j=o 



fc,-+i 



a-pj/2 + it- 1 
Lemma 3.2 . For any m > 1, < a < 1, we have 

(C a t) m + 2 ^ 



(3.26) 



|Q*(t;p,k)|^(p m ) < 



(m+||k||)!] a 



(3.27) 



and 



J (E(t, P ,k)) 2 a d/j( Pm ) < (C a t) 



(l-o)m+(2-o)||k|| 



(3.28) 



Proof of Lemma 3.2. Similar to the proof of (3.9), (3.27) follows from (3.28) and the simple 
bound 



|Q*(t;p,k)|< 



t 



m+||k|| 



(m+ ||k||)! 

The proof of (3.28) is also similar to that of (3.13). Define G = G1G2 where 



G 1 = \a-pl l _ 1 /2 + it' 



- 1 I Km— 1 



a 



3=0 



m-2 -(kj+l) 
1 



a-p 2 J2 + ir 



We shall use the measure u, R(a,p m -i,p m ) and Z(p m -i,p m ) as in the proof of the previous 



lemma. Then we can rewrite the left hand side of (3.28) as J dfi(p m ) J u(da) Z G 
then use the Holder inequality to arrive at 



2-0 



We 



J |E(t, P ,k)| 2 - a ^( Pm ) 



< / d//(p m )Z(p m _i,p m ) a v(da)Gi(a,p m -i,pm) a G 2 (a 7 p , ■ ■ ■ ,p m _ 2 ) 



2-a 
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The integrations of po ■ ■ -pm-2 in / dix(-p m )G 2 T a can be estimated the same way if we use 

a Pi 7 |a-p2_ 1 /2 + Zt- 1 |( fc + 1 )( 2 --) <Pi-X -Pj > 2d - V ' 

We have thus proved that (cf. (3.23)): 



J G^(p m )(s(t,p,k; 



2-a 



< £f i (m-l)(l-a)+||fc||(2-o)-fc m _i(2-a)-fc m (2-a) 



/" dp m -idp m \$(p 

iPm) I ( j \ / \2— a 

X 7 < ^ > 2d < Pm y *i**)Gli«>Pm-l,Pm) 

From the definition of v and the Z estimate (3.19), the last integration is bounded by 



|$(p m )| 2 (l + log + 


2t 


-1 -Pm) 


^ 1 — a 


<Pm-l > 2d <p m > 2d |(^_! - 


-pl)/2 + it-^-" 



< J da J dp m -idp r 

x la-^^ + ir 1 !-*™- 1 ^- 1 la-^ + ir 1 !-*™^- 1 
We now perform the p m -i integration. It is easy to check that it is bounded by C a t^ 1 ~ a ^ +km ~ 1 ( 2-a ) 
uniformly for any values of a and p m . Then we perform the a integration, which is bounded 
by C a t k ^ 2 ~ a \ If k m = 0, we have to borrow an extra decay in a from the p m -i cutoff to 
make the a integration finite. Finally, we use $ G L 2 for the p m integration. Putting all 
these bounds together, we have proved the Lemma. □ 

3.2 L 2 Estimates. 

The key estimate is the following Lemma. 
Lemma 3.3 . Recall the definition of ij) n in (2.6). We have for any n 



i+3 

VUn{t)\\ 2 <{C\ 2 t) 



(n!)V2r + t 1 / 2 

Recall that A = yfe, t = T/e and T is fixed. Let no = no(e) be given in (2.2) with some 
< 7 < 1. It follows (cf.(2.3)) that 



n (e)-l 2 



lim limE V tbjTe' 1 ) 



n=M 



= . 



Proof of Lemma 3.3. By definition of ip n and C n := C n defined in (2.17), we have 

E||<Mt)|| 2 = £/ n , n = C -' ( 3 - 3 °) 

We shall estimate the contributions from crossing, nested and simple pairings separately. The 
proof of Lemma 3.3 follows from Lemmas 3.5, 3.6 and 3.7. □ 

First we prove a weaker estimate: 
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Lemma 3.4 . For any n G H n ,n 

\C„\ < (CX 2 t) n (logt) n+2 . 

It follows immediately that 

E\\Mt)\\ 2 <nl(CX 2 tn\ogtr+ 2 . 

Proof of Lemma 3.4- Since the number of pairings is C n n\, the second bound follows from 
the first one and (3.30). Recall the convention of relabelling p in (2.18). We can now use the 
definition of (2.17) to have 

\C n \ < X 2n J rfw 2n+1 |K(t,p,n)||K(t,p',n)|A°(p,pO|F(p,n)||F(p / ,n)| . 

Define ag := a if £ < n and ag := f3 otherwise. From the equation (2.19), we can solve the 
momentum Wj for j E B as a function of wa- Together with the estimate of K in (3.8) we 
obtain 

ICrl < CX 2n [ oIwa r dadP J] - ] \F(p,n) \\F(p',n)\ . 

Recall that the elements of A are denoted by a\ = < a<i < . . . < a^+i and here n = n. 
From the definition of F in (2.13), (3.2) and (3.6), we have 

\F(p n)\\F(W n)\ < ^Wll^fi+i)! fr 1 



< w > za < w kl > za < w k2 > za fJ- 2 < w ae - w ai _ x > 2d 

for any fixed k\ ^ ki and fci, ki > 0. Recall that p n = wq, p' n = W2n+i, G A, 2n + 1 G B. 
Recall that A° always forces the delta function 5(wo — -u^n+i)- Thus we obtain for any k > 0, 

11-1 ' J-oo J <w > 2d <w kl > 2d <w k2 > 2d \a-w 2 /2 + i/t\\P-w 2 /2 + i/t\ 

n+l ^ n+1 ^ ^ 

x 33 ^ - </ 2 + ^ 33 < ^ - >m 5 ■ 

(3.31) 

We choose k\ , &2 such that a kl = a and a k2 = 13. It is easy to check that 

1 Ct . 

sup — < . (3.32) 

' \ctj - w 2 /2 + it' 1 ] < w > 2d ~ < oij > 



w 
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We use this estimate for w = Wk 2 ■ If we remove the factor < w > 2d in the denominator, we 
only have to drop the < aj > in the denominator. Using this bound, we can estimate all the 
other factors depending on the momenta from B in the expression (3.31). We now estimate 
integrations of momenta in A. We can check the simple inequality 

f dw a e 1 Clogt 
SUp / rr-j r-j 77~f < • (6.66) 

™. t _J <w ae > 2d \a ae -w^ e /2 + i/t\<w ae -w a ^ 1 > Zd <a ae > 
Again, if we remove the denominator < w ae > 2d , the denominator < a ae > on the right hand 
side has to be removed. We can now apply the last estimate to integration for A-momenta 
except wq- Hence 

\c i < (c\HY(\o*tY f r ^ 

| 7r1 - 1 M g J 7 <«; > 2d 7_ oo <aX/3>|a-«; 2 /2 + zA||/3-«; 2 /2 + zA| • 
The denominator < a >< f3 > comes from the choice of fei, hi and the denominators on the 
right hand side of (3.32), (3.33). Using 

da 

~w 2 /2 + i/t\ 

we can bound the last integration above by (Clogt) 2 . Finally, by $ G L 2 , we obtain 

|Or| < (CA 2 t) n (logt) n+2 . 

□ 

The following remark will be useful later. Suppose we consider only the product A° of a 
subset of delta functions from A° with rank r according to the setup of part (II) of Lemma 
2.3. Then the method of the previous proof gives 

J dw 2n+1 |K(t,p,n)||K(t,^n)|A°(p,pOG(p,n;^n)|^ (Pn)||^o(K)l < (Ct) r - 1 (logt) 2n - r+3 
for any function G with 



/oo J 
— TTi ^—77i < C log t (3.34) 
x <: o > o ■ 



w 



G(p,ra;p',ra) < ] ; 



n < Wi - W l+1 > 20d 



Moreover, the numbers of momenta within the two i^-kernels do not have to be the same. In 
full generality, the same proof as above gives 

dp n dp' n , \K(t, p, n) \\K(t, p', 0|A°(p n , p' n ,)G(p, n- p', n') \$ (p n ) \ \$ Q (p' n , ) \ 



(3.35) 

< (C7t) r - 1 (logt) n+n '- r+3 
provided that A° can be written in the form of (2.19) with \B\ = r and 5(p n —p' n >) is forced 
by A°. 
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3.3. Estimate of crossing pairings. 



Lemma 3.5 . If n £ H n n is crossing, then we have 



lOrl < t-\C\ 2 t) n (\ogt) 



n+3 



(3.36) 



Notice the extra factor t 1 compared with the previous Lemma. 

Proof of Lemma 3.5. First we present the proof for d > 3. The case d = 2 requires some 
technical modicification which is discussed in Section 6. Since 7r is crossing, for some jo G B 
with jo 7^ 2n + 1 we have 

w jo = ±w ii ±w t2 ±... , 

where £±, £2, • • • € A according to Lemma 2.7. Notice that Lemma 2.3 implies that there are 
at least three momenta on the right hand side, hence we can assume that £±,£2 7^ 0. 
Similarly to (3.31) we have (recall that the delta function 5(wo — u^n+i) is forced) 

1 



ICr ' " A " '-J^J MW %-w 2 /2 + i/t\\(3-w 2 /2 + i/t\ 



n 



1 



L \a e -w 2 e /2 + i/t\ 



1 



a Jo- w ] / 2 + i / t 



(3.37) 



Yb, 



wj =(±we 1 ±we 2 ±--- ) 



where 



Y B 



n 



\ aj _ w y 2 + i/t\ 



and 



d/i(w A ) 



n-l 

n 



mw )\ 2 dw A 

< W > 20d Al < Wa . _ Wa , +i >20c' 



(notice that the argument of $ is two and not w n ). We can bound \ctj — w 2 /2 + i/t\ 1 by t 



-1 



Thus the last factor Yb is bounded by t n 1 . One can easily check the inequality for d > 3 



sup sup 

7i=Q:,/3 t> 



y dtui y rfw 2 < w 1 > 2d < w 2 > 2d 

1 



X 



70 - ( ± wi ± w 2 + v^j /2 + i/t 
1 <C(logt) 3 . 



(3.38) 



1 71 - w\ /2 + 1 72 - u>!/2 + 

We can use this inequality to estimate the and u^ 2 integrations. After this, the integra- 
tions of a and (3 and the other momenta in (3.37) are now similar to the proof of the previous 
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Lemma. First we integrate all momenta but w . We gain an extra factor < a > _1 < f3 > _1 
(cf. (3.32), (3.33)), and we obtain 

\$(w )\ 2 dwo 

< Wo ^ (3.39) 
dad(3 

! <a>< (3> \a - w%/2 + i/t\\0 - w%/2 + i/t\ 

Then we integrate a, (3 using (3.34). The last integration is dwo and we have to use $ G I? . 
Each integration gives at most a factor log£. The details are left to the reader. Hence (3.37) 
is bounded by 

\C n \ < (C\ 2 t) n t- 1 {\ogt) n+3 , 
which completes the proof for d > 3. □ 



\C n \ < {C\H) n t- 1 {\ogt) n + 1 J 

/oo 
_ 2/o ^ ( ,,.2 



3.4. Estimate of nested pairings. 
Lemma 3.6 . If tt e n njn nested then 

1 0, | < (CA^)^" 1 ^^^ 2 . (3.40) 



Proo/ o/ Lemma 3.6. A nested pairing (Fig. 2) contains two delta functions of the type 
<5(-£>i + - Pi + Pj+i) and <^(-Pfc + Pfc+i - Pu + Pu+i) with z < k < u < j < n (or the 
same type of delta functions with all primed variables. Without loss of generality we can 
assume that a nested pairing occurs in the nonprimed variables). Recall that this pair of 
delta functions is called a nest with an outer and an inner delta function (the first one is 
called outer, the second one is inner). 

A nested pairing can have several inner delta function. Consider a nest which is minimal 
in the sense that none of its inner delta function is an outer delta function in some other nest. 
Since the pairing has no crossing, all the inner delta functions in this nest are joining two 
neighboring bullets. In other words, for all inner delta function 5(—pk + Pk+i — p u + Pu+i) 
we have u = k + 1 (as in Fig. 2) and hence pk = Pk+2 is forced. Let p Cl ,p C2 ? • • -Pc v be those 
momenta with i + l = ci<C2<---<c v =j which are forced to be the same as pk = Pk+2, 
i.e. 

Pa = Pc 2 = ■ ■ ■ = Pk = Pk+2 = ... = p Cv (3.41) 
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(in particular k and k + 2 are among the c±, C2, . . .c v , i.e. v > 2). By Lemma 2.6, these are 
those momentum lines in the graph among p i+ i,p i+ 2, ■ ■ - Pj such that if we remove any of 
them along with p/,, the graph becomes disconnected (and we include p\~ as well). On Fig. 2 
v = 4, ci = i + 1, c 2 = fc, c 3 = k + 2, c 4 = j. 

It is obvious that A° does not depend on pk+i- Since the only delta function that contains 
Pk+i is 5(—pk + Pk+i — Pk+i +Pk+2)- We also claim that using the notations (3.41) 

A°(w) = A°(p*,p') x JJ^ -p Ca+1 ) (3.42) 

a=l 

where p* := p/» with 

I* := I n \ {ci,c 2 , . . -c v } 

and A°(p*,p') is a product of delta functions depending only on p*,p'. The point is that 
the momenta {p Cl , p C2 , . . . } occur only in the identifying delta functions as explicitly written 
in (3.42). The decomposition (3.42) is obvious from the graph using Lemma 2.6. [ The 
formal proof goes as follows. Since n is noncrossing, we know from Lemma 2.7 that A^ has a 
representation where all delta functions are identifications. Consider this representation. If 
a momentum p Ca (1 < a < v) appears in a delta function, then it has the form 5(p Ca —w r ) or 
5{w r — p Ca ) for some r. We claim that r = c& with some 1 < b < v, i.e. p Ca appears only in 
the product of delta functions identifying p Cl = p C2 = . . . = p Cv . Clearly i < r < j, otherwise 
the outer delta function would prevent the graph becoming disconnected if we remove the 
edge e{w r ) and e(p Ca ). But then r must be one of the c& as A° does not depend on other 
momenta with index between i and j by the minimality of the nest. 

Remark that A°(p*,p') forces p n = p' n . For, (3.42) decomposes A°(w) into two factors 
having no common variables. Since p n ^v' n belong to the arguments of A^(p*, p'), and A° (w) 
forces p n = p' n , hence A^(p*, p') does so, too. 

We also need the following identity 

K^p!,^^ = (~iy jy s JL— e -^ 2 /2 K (t-s,p,I). (3.43) 

v times 

Recall the definition 

C n = X 2n [ rfp n rfp^(t,p,n)K(t,p^n)AO(p, P 0F(pT^)i ? (p / ,n). 
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Define the function 



E(p*,p' nlPk ):= F(p,n)F(p',n) , (3.44) 

which inherits the smoothness in p k and decay from F. Together with the identity (3.43) and 
the notation of p*, we have 

C n = X 2n J dp* dp k dp' n j* ds-^-^e^/ 2 K(t - a, p, F)K(t; p', n) A° (p*, p')E(p*, p' n ,Pk) • 
We can integrate p k by parts. We first rewrite the d-dimensional integration as 

J s^e^Eip^p^p^dp, = (2*)- 1 ' 2 J~ s^e"*' 2 ^ ^ E(p*, p' n , p k )du)j Q^dQ , 

where dw is the normalized surface measure on the sphere p\ = Q in the p k space. Define 

H(p*, p' n , Pk ) := ^Q~ i+1 ^Q (q 1 " 1 j p2 Q E(P\ p' n ,Pk)dw 



Q:=p 



k 



= i(d-2)p~ 2 [ E{p*,p' n ,p k )dw + 2i^-l [ E(p*,p' n ,p k )dw) . (3.45) 

We can integrate Q by parts to have for v > 2, 

Notice that H inherits the decay from F. There is a singularity at p k = 0, integrable for 
dimension d > 3. Notice this singular term disappears in dimension d = 2. 
We can now rewrite C n as 

C n = ^ / dp* dp* dp^ /' dsj^-e^K (t - s, p, F)K(t, p', n) A° (p*, p')# (p*, P^, p fc ) 
v-l J Jo {v - 2 ) ! 

(3.46) 

Using the identity (3.43) to integrate s, we have 

iA 2n /" ( v ~ 2 \ — 7 \~ 

Ctt = ^— -y y dp*«(PfcdpU JJd?aJ-K'[*,P*,Pfc,?l,92,---?t;-2j 

xK(t, p', n) A° (p*, p') ( J] <5(p fc - 9a )) (p*, P ;, p k ) . (3.47) 

a=l 
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where we have written 

(. v-2 \ v-2 
/ Y[dq a \K^p*,p k ,q 1 ,q 2 ,...qv-2^( K Y[8(p k -q a )^ . 
J a=l J a=l 

v — i Limes 

Notice that we now have momenta p*,pk,qi,q2, ■ ■ ■ qv-2 and p^. The number of momenta 
is n + 1; that of p*,Pk, qi, <Z2, ■ ■ ■ q v -2 is n. The new delta function in (3.47) is 

v-2 

A°(p*,p / )(n*(p*-?-)) ( 3 - 48 ) 

a=l 

which has rank n and it still forces p n = p' n . The function H depends on p*,Pk and p^. 
Define a function H* depending on p*,Pk, qi, q2i ■ ■ • Qv-2 and p' n by 



n 

v-2 



H*(p*,Pk,qi,q2,---q v -2,p' n ) := H(p*, p' n ,p k ) Y[ ~ 1 ^ 2 od • 

a=i < Pk~ q a > zl)a 

Here we have included the cutoff in large q a . Due to the delta function ^ria=i^(Pfc ~ <Za))) 
we can replace H in (3.47) by H* without changing its value. We are now in the same setup 
as in Lemma 3.4 except that the rank of the delta functions (3.48) is now n, reduced from 
n+1. We can apply the remark at the end of the proof of Lemma 3.4, (3.35), to have 

\C n \ < (CX 2 t) n t- 1 (logt) n+2 . 

□ 

3.5. Estimate of simple pairings. 
Lemma 3.7 . If tt e H n ,ri is simple, then 

lal ^§r^ + °( (aA2 ^" f ) (3 - 49) 



(n!)V2 

for any < a < 1 (recall that n = (n + n')/2). 

Before the proof, we need several notations. The structure of the momenta in a simple 
pairing can easily be described. We shall rename the variables according to the pairing. 
Though for the L 2 -norm we need to consider pairings tc e Ii n ,n only, we set up the formulas 
for the more general case it G H n , n ' needed later on for computing the Wigner transform. 

First notice that a simple pairing has the property that all Type I delta functions are 
minimal, i.e., for any Type I delta function 5(—pi + Pi+\ — Pj + Pj + i) in a simple pairing 
we have j = i + 1; and similarly for Type I'. Hence this delta function does not depend on 
Pj = Pi+i- Moreover, since each momentum appears exactly twice in the delta functions, we 
see that A° is independent of pj = Pi+±. 
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Definition 3.8. In case of a simple pairing tt, we call a momentum external if A® depends 
on it. Otherwise it is called internal. We shall use the letter r for external and q for internal 
momenta. 

Let k be an array of double indices for the internal momenta 

k:= (01,02,...0fco,H,12,...lfci,...mfc TO ) , 

where k = (ko, ki, . . . k m ) and kj > will denote the number of the internal momenta for j. 
We shall denote ||k|| = an d |k| := m. These numbers will depend on the structure of 

the pairing tt. Let \ir\ := m. Define 

I'm = ( r j)o<j<m, r m fi = ( r j)l<j<m 

to be the external momenta. Denote the internal momenta by q = (qji)o<£<oo,o<j<oo and 
denote 

q k = (Qje)l<£<k j ,0<j<m ■ 

The following lemma about the structure of a simple pairing (see also Fig 3.) will be used. 

Lemma 3.9 . If tt is simple, then it has m = \tt\ Type II delta functions: S(— Pij-i + Pi 3 - + 
p'-, _ 1 —p'-i ) with j = 1, 2, ... m and io := < i\ < . . . < i m , i' Q := < i' x < . . . < i' m . For each 

3 3 

j = 0, 1, . . . , m there are kj Type I delta functions in the form 5(—p u +p u+ i —p u+ i +p u+ 2) = 
5(—p u + Pu+2) with ij <u < ij+i- We shall rename the momenta such that rj := pi j7 and 
qje ■= Pu+i if6(-p u +p u +i - Pu+i +Pu+2) = S(-p u +P11+2) is the I th Type I delta function 
with ij < u < . The notations are similar for the Type V delta functions. We claim that 
A® is equivalent to the product of the following delta functions 

Sipis-pty .7 = 0,1,... ,m; (3.50) 

KPij -Pu+2) (3.51) 

for each u such that qj£ = p u +i for £ = 1, 2, . . . , kj, j = 0, 1, . . . , m (i.e. p u and p u +2 o,re the 
"external legs" belonging to the internal momentum p u +i) / o,nd 



5(p lj -p' u+2 ) 



(3.52) 



30 LASZLO ERDOS, HORNG-TZER YAU 

for each u such that q'j g = p' u+1 , £ = 1,2, ... ,k'^, j = 0,1, ... ,m. The total number of 
potentials is 

2n = n + n = 2(jk| + ||k|| + ||k'||) 
and we also have the relation 

n = m + 2||k||, n' = m + 2\\k' \\ . 

The total number of delta functions in (3.50), (3.51), (3.52) is m + 1 + ||k|| + ||k'|| = n + 1. 
Proof of Lemma 3. 9. 

For simplicity, we redraw the graph of a simple pairing such that the pairing lines corre- 
sponding to Type II deltafunctions are straight lines inside C. These lines do not cross each 
other. An application of Lemma 2.6 shows that the delta functions (3.50), (3.51) and (3.52) 
are forced by A^. Each of these identifications contains at least one momentum which does 
not appear elsewhere, hence the rank of the product of these identifications is the same as 
the number of delta functions in (3.50), (3.51) and (3.52). Simple counting shows that these 
numbers are m + 1, ||k|| and ||k'||, respectively, hence the rank is m + 1+ ||k|| + ||k'|| = n + 1 
which equals to the rank of A° by Lemma 2.3. This shows that A° is equivalent to the 
product of (3.50), (3.51) and (3.52). For example, the simple pairing on Fig. 3 has m = 3, 
k = (0, 0, 2, 0) , k' = (0, 1, 0, 0), n = 7, n' = 5. □ 

i i i i 




r i i in ; r i r 2 



Fig. 3 

We now introduce some more notations associated with the new labeling. Recall that for 
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any set of momenta pj the free evolution kernel is 

K(t;p,I) := H) |/|-1 [\l[d^y( t -J2^U e ~ lS ^ /2 • 

Jo jei jei jei 

For any disjoint sets /, J, we have the semigroup property 

K(t; p, I U J) = -i I [ d Sl ds 2 5(t - si - s 2 )^(si; P, i")^(s 2 ; P, J) • (3.53) 
Define for k = (fc , fci, . . . fc m ) 

<2(t;r,q;k) := r , r ^. . . rq , q 01 , . . . ,q k ,--- , r m ,r m .^ . . ,r m; q ml , . . . ,q mkm ) ■ 

k + l k m + l 

From the semigroup equality (3.53) we can rewrite Q as 

„f m mm 

Q(£;r,q;k) = {-i) m I ( ds^d^t - ^ Sj ) J[ K( Sj ; r h . . . ,r 3 ,q jU --- ,^ fcj .) . 

Clearly, Q(t; r, q; k) = K(t, p, n). If there is no internal momentum, we denote it by 

Q* (t; r; k) := K(t; r ,r ,. ..r 0; ... , r m ,r m „. , r m ) . (3.54) 

fco + l k m + l 

The potential part in F has contribution from the internal and external momenta. The 
internal part is denoted by 

|k| 

P(r; q;k) := J] P 2 (r, - qjl )R 2 {r 3 - q j2 ) . ..R 2 {r 3 - q jk .) ; (3.55) 

j=0 

the external part by 

m — l 

M(r, m) = Y[ R(rj - r J+1 ) . (3.56) 

3=0 

Therefore, we have 

F(p, n) = P(r; q; k)M(r, |k|)&(r m ) 

after renaming the momenta. We can now rewrite C n (2.17) for a simple pairing tv e n njn / 
as follows: 



C w =A M | dr m dq k dq^g(t;r,q;k)Q(t;r,q;;k') 

x P(r;q;k)M(r,|k|)P(r; q'; k')M(r, |k'|)|&(r. 



(3.57) 
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where 



<iq 



Tl dq i e dr m = Yl dr j > 



l<£<fcj,0<j<m 



0<j<m 



and similarly for fiq^, . 



Recall the K-identity in (3.7). This implies the identity for Q: 



Q(t; r, q; k) = te^ 2 J da e~ iat f[ j — 



n 



- rj/2 + iv j A± qj _ ? 2^ 2 + ^ 



(3.58) 



We now perform the g and integration in C n in the expression (3.57). Define Qi?7 (r) and 
G v (a,P,r,r',k,\s!) by 



i? 2 (r- ? ) 



a — q 2 /2 + in 



—dq , 



(3.59) 



m r— fc r k ' 

G v (a, p,r,r',k, k') := M(r,m)M(^m) G^fa) ' e^^) ' . (3.60) 

j=o 

Notice that 6 depends on r only through its norm as R is spherically symmetric. We also 
need the notations later on: 

(3.61) 



Go(a, /?, r, r', k, k') := lim G v (a, (3, r, r', k, k') . 

77^0+ 



(3.62) 



Then we have the identity 



C w =A 2 V r? / dr m / dad/3 e i(Q -^ 



J=0 



a — r 2 /2 — in 



(3-r 2 /2 + in 



K+i 



(3.63) 



G v (a,P, r, r, k, k / )|^ (^m)P 



We shall need several properties of © Q ,^(r) (including the existence of the limit in (3.61)). 
These are summarized in the following general lemma about singular integral operators. The 
proof is found in the appendix. 



Lemma 3.10 . Let 



z — q z 



be a family of linear operators parametrized by a complex parameter z with < Imz < 1/2. 
Let a :— Rez and r\ := Imz. 
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(i) For d > 3 we have 
and for d = 2 



YJ < (const.) \\fhd,2d 



YJ 



(3.64) 



(3.65) 



< (const.) (l + [\oga}_)\\f\\ 2dM , 

where [x]- = — min{0,a;}, i.e. the coefficient is 1 + |loga| for a < 1 and is 1 for a > 1. 
Here the constants may depend on d but is independent of rj. 
(ii) If z' = a' + in' and rj > n' , then for d > 3 

< (const.) {z-z'ln-^Wfhd^d , 



Yzf-Yz>f 



and for d = 2 



YJ - Y z ,f < (const.) \z - z'\ (r 1/2 + A + A) 

oo V \z\ \Z'\J 

Remark: Obviously 

e Q , 7? (r) = 2[y 2(Q+J?7) ( J R 2 )](r), 
hence the existence of the limit (3.61) follows from (3.66). Since 



2d,2d 



(3.66) 



(3.67) 



(3.68) 



R 2 (r--)-R 2 (r' -■) 



2d, 2d 



< C\r-r'\ 



with C depending on the Schwarz norm of R, we also have from (3.64) that for d > 3 



< C\r-r'\ 



(3.69) 



e a »-e Q >') 

In d = 2 the estimate (3.69) is valid with an extra factor (1 + [loga]_). 
Proof of Lemma 3. 7. 

We first derive the following apriori estimate for C n . This estimate is better than Lemma 
3.4 by removing the factors logt, but it still does not recover the l/n\. 

Lemma 3.11 . If tt e H n ,n' is a simple pairing, then 

\C n \ < (C\Hf . (3.70) 

Proof of Lemma 3.11. We present the proof for d > 3. The case d = 2 requires some technical 
modifications which are explained in Section 6. It is clear from (3.64) that 



\Qa, v (r)\ <C 



(3.71) 
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uniformly in a,n and r. Hence, by (1.9), 



G v (a,/3,r, r, k, k') 

with a constant independent of rj,a,(3. Recall the definition of £(£, r, k) in (3.26). Thus 
(3.63) implies that (rj = t~ x ) 

10,1 < (CA) 2 Vy ^(r m )E(£,r,k)E(t,r,k') . 

By the Schwarz inequality 

E(t, r, k)E(t, r, k') < t^~^'^ 2 (t, r, k') + *ll k 'll-ll k llE 2 (t, r, k) . (3.73) 

We conclude the proof of Lemma 3.11 from the estimate of E(£, r, k) in (3.28) with a = 0. □ 

The estimate in (3.70) for a simple pairing is not optimal and there is an extra 1/nl 
missing. We now recover this factor partially. Notice that the dadj3 integrations in (3.63) 
could be performed more precisely if G were independent of a, f3. This dependence however 
is very mild and can be removed. Thus the main term will have no a, (3 dependence and their 
integrations can be done explicitly. 

Recall the definition 6 a + in (3.61). Define 

Q(v) := O v 2/2, +(v) 
Lemma 3.12 . We have the following representation for C n , tv simple; 

C-tt = A 2 " / dr m Q*(t;r;k)Q*(t;r;kO|M(r,m)| 2 eM l|k|l e(i;o) | l k,| l|A(r m )| 2 

J (3.75) 

+o((C a A 2 tft"f) 

for any < a < 1. 

Proof of Lemma 3.12. Again, the proof is presented for d > 3. The case d = 2 is referred to 
Section 6. We claim that G v in the formula (3.63) can be replaced by |M(r, m) | 2 0(ro)" "o(ro)" k " 
with small errors. Assuming this replacement in (3.63), we can use the Q-identity (3.58) with 
no q to integrate the a and (3 in (3.63). This proves the main term in (3.75). 



\Mr m )\ 2 dr m < CH k ll + ll k 'll +2 "MMr m ) (3-72) 



(3.74) 



WEAK COUPLING LIMIT OF RANDOM SCHRODINGER EQUATION 
From the definition of C n in (3.63), the error from the replacement is bounded by 



35 



CX 



2n 



j=0 



1 


kj+i 


1 


1 a — rJ/2 — ir\ 




0- 


r 2 /2 + irj 



k' j+ l 



X 



G„(a, (3, r, r, k, k') - \M(r, m) | 2 G(r ) "G(r ) 



Ik'l 



fc(r m )| 2 . 

(3.76) 



Recall the definition of G in (3.60). Then the difference in (3.76) is equal to 

G v (a, 0, r, r, k, k') - |M(r, m)\ 2 e(^) lM Q(v )^" 



k k' 

= \M(r, m )\ 2 i J] [Qa^rj)] 3 [e^fo)] 3 - eM l|k|| e(r ) 



3=0 



Ik'l 



(3.77) 



Recall that a ^(r) depends only on |r|, hence the function G* )?7 (|r|) := G a)77 (r) is well 
defined. The inequality (3.69) is valid for G* as well: 



K, v (\r\)-Q*a,r,(\r'\) <C||r|-KI|. 
Now we have the following estimate 

e Q ,,(r,) - e(r ) = [e^drvi) - e* ifJ (v^H)l + \K, V (V^\) - e^(kol) 
+ 



(3.78) 



e^drol) - e^ /2>n (|r |)J + [e; 2/2> ,(|r |) - e^ /2>0+ (|r |) 

< C(||rj| - v^R| + |M - V^j) +Cv~ 1/2 (\u-r 2 /2\ +77) 



(3.79) 



< C (|a|- 1 / 2 + r ? - 1 / 2 



+ 



) + . 



Similar estimate is valid for Qp^(r 3 ). Recall that rj = 1/t. Using the uniform bound on G 
and a telescopic sum to bound the curely bracket in (3.77) we can bound (3.76) by 



C n dfi(r m ) / dad/3]} 



\ki + l 



lL \a-r 2 /2-ir]\ f3-r 2 /2 + ir] 



1 



fe'+i 



1/2. 



-1/2 



3=0 



x 



0(a- r 2 /2) +0(fi- r 2 /2) + £ {o(a - r 2 /2) + o((3 - r 2 /2) + 0( V )} 



(3.80) 

Suppose first that the term [77" 

-1/2 + | a |-l/2 + |/3|-l/2] 

were not present. The error from 
0(a — r 2 /2) can be bounded in a similar way as 0(a — Tq/2). So we shall focus only on 
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0(a — Tq/2). The net effect of the term O^a — is that it decreases ko by 1. By the 

proof of Lemma 3.11, this gives an extra t~ x factor unless ko = 0. In this case 



1 



a — Tq/2 — irj 



x o(a-rl/2} 



is bounded, and thus the dr integration gives a factor t h '°. We use the argument from the 
proof of Lemma 3.11 to bound the integration of the other momenta r±, ■ ■ • , r m . Again, we 
obtain an extra t _1 factor. The estimate for the o(^(3 — term is identical. Finally the 

0(i]) term gives immediately a factor t _1 from its choice. Hence the net effect of the terms 
in the second square bracket is a factor t~ x compared with the main term. 

Now we include the factor [i] -1 / 2 + |a| -1 / 2 + |/3|~ 1//2 ] as well. We claim that the net effect 
of this factor is estimated by C™ri~ 1+ % for any < a < 1, hence (3.80) has an extra factor 
^-l^-i+f _ ^-f com p arec i with the main term. This claim is clear for the ?y -1 / 2 term. Now 
we consider the term |a| -1 / 2 , the term with |/3|~ 1//2 is identical. We follow the argument in 
the previous paragraph. When referring to Lemma 3.11, we need to consider the quantity 

|fc,+l 

s(t,p,k ): =| ^=n 



\a\ 



3=0 



a-p 2 j2 - it- 1 



instead of p, k). We need the following modification of the estimate (3.28) 

i \l 2 — a i / \ ^ _tl — - I /~i j\ ( 1— a)m+(2— a)||k|| 

|E(£,p,k)| d/j(p m )<t L *(C a ty 



(3.81) 



for any < a < 1. Combined with the trivial bound |E(t, p, k)| < (Ct) m+ H k H we obtain 



/ 



The rest of the proof of Lemma 3.11 is unchanged. 

The proof of (3.81) is similar to that of (3.28). The only modification is to change 
i?(a,p n _i,p n ) in (3.17) to 

i?(a,p n _i,p n ) := ^/lal^a.pn-x.pn) 



and to change Z(p n _i,p n ) in (3.18) to 

/oo 
-oo a/ \ a \\ a ~~ Pn-1 



da 



/2 + iri\\(3-pl/2 + iri\ 
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Simple calculation shows that the estimate (3.19) is valid for Z with an extra r? -1 / 2 factor 
on the right hand side. This shows that the term |a| -1 / 2 in (3.80) is effectively a factor 
(?7 -1 / 2 ) 2 a in the final result as we claimed. This proves Lemma 3.12. □ 

To finish the proof of Lemma 3.7, we now estimate the main term on the right hand side 
of (3.75). By the Schwarz inequality, 

1/2 



Q*(t;r;k)Q*(t;r;k'; 



<t 



Ik'H-llkll 



(m+||k||)! 



|k||-||k' 



(m+ ||k'||)! 
(m+ ||k'||)! 



|Q*(t;r;k 

1/2 

I 

(m+||k||)!"_ 

We now use the estimate (3.27) with a = 1/2 and (3.72) to have 

{C\H) n 



Q*(t;r;k')| 2 , 



ICU < 



(m+ ||k||)!(m+ ||k'||)! 



— 2 +o({c a \Hft-i). 



Finally, using that m + ||k|| > re/2, m + \\k'\\ > n'/2 and re! < C™[(re'/2)!][(re/2)!], we obtain 
the statement of Lemma 3.7. □ 



4. Wigner transform of the main term. 

As it is explained in Step 2.1, we have to compute the Wigner transform of the main term 

M-l 



n=0 



Recall J e (x, v ) = e d J{^e 1 ,v). The goal of this Section is to compute 



E J e- d J&-\v)W^* t j£ 1 v)dt;dv = V J UM^ M [v-^^ M {y+^dv 
in the limit lim lim. By definition of U r in (2.12) and C£ m (2-16), we have 

. M-l ^ M-l 

Ej e- d J(te-\v)W^a t jZ,v)dZdv= £ U% n , = E E C l' ■ ( 4A ) 

n n'=0 « — n-7rcrr 



n,ri=0ir€n nn/ 



If we put J e (£, u ) to be a delta function in £, C^ e becomes CV computed in Section 3. The 
conclusions were that C n is of lower order if tt is crossing or nested and it can be written 
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as (3.75) if 7r is simple. Furthermore, for simple pairing it is bounded by (3.49) and (3.70). 
All these estimates can be extended to as well, uniformly in e. We now state them and 
comment on the modifications needed for the proofs. Since J is fixed, we can introduce the 
simplifying notation 



n,n' 



n,n' ' 



Lemma 4.1 . The contributions from the crossing and nested pairings are negligible in the 
sense that 

K, n >= E ci + o(n\{c\HYt-\\ogtY+*). 



7r g n 

n , 7i 
it simple 



In particular for any M fixed we have 

M-l 



M-l 



H E u n,n> = ji- E E ^ 



(4.2) 



n,n'=0 



n,n'=0 T£ n n ,n' 

TV simple 



Since t = Te , A = yfi. 

Proof of Lemma 4-1- The proofs of the apriori estimate Lemma 3.4 and Lemma 3.5 can be 
carried out with only minor changes. We only need to replace the term 

1 



\a - wl/2 + it-^lP - wl/2 + it' 1 ] 



in (3.31) and (3.37) by 



\a - \{w - |) 2 + it~ l \\(3 - \{w + |) 2 + zt- 1 ! 

with wq := wq + £/2. The rest is the same. The proof for the nested pairings is essentially 
unchanged (cf. Lemma 3.6). □ 

We can generalize (3.63) for a simple pairing w e H n ,n' to include the test function J: 



c e =\ 



3=0 



1 



a 



|(^-I) 2 



2 \ "3 2' lT l 

i 

2 ,V ' 2 



oo 

fej+l 



x G v (a,l3,v- |,v+ |,k, k'^ip (v m - |)^o(« 



P-l(v j + lr+i V 



K + l 



(4.3) 



WEAK COUPLING LIMIT OF RANDOM SCHRODINGER EQUATION 



39 



where 

(v ± i/2) 3 = Vj ± C/2 
Recall also that 

n = 2||k|| + m, n' = 2||k'|| + m, |k| = |k'| = 
The apriori estimate for C n , Lemma 3.11, can be extended to C^: 
Lemma 4.2 . For any simple pairing tt e H n ,n' 

\C%\< {C\ 2 t) n . 



m 



(4.4) 



Proof of Lemma 4-2. The proof is almost identical to that of Lemma 3.11. We can bound 

IQI by 

\Cl\<{C\ 2 T f dtdv m J e (Z,v ) E(f;v-|,k)E(f;v+|,k / ) 



x sup 

a,f3 



G v (a,0,v- ^,v + i k, k' 



2' 2 

Recalling the definition of $ (2.14), we have by a Schwarz inequality similar to (3.73) 



:(*;v-|,k)£(t;v+|,k 



< t 



Ik'H-llkl 



E 2 (t;v-§,k)$ 2 (* 



+ t 



|k||-||k 



E 2 (t;v + |,k')$ 2 (z; m + |) 



<f m -£/2> 2M < Um + ^/ 2 >20d 

By definition of G v in (3.60), we have the simple bound 



■ (4-5) 



sup 

a,/3 



G„(a,Av-|,v+|,k,k')| < J] 



C 



3=0 ([Vi± 



( V 3 ± I) - + 1 ± I) 



20d 



Recall the definition of the measure n in (3.4). From the last two bounds, we have the 
following bound similar to (3.72) in the proof of Lemma 3.11: 



supE^t; v-|,k^E^; v+|,k') G v ( a » Z 5 ' v_ |> v + f> k ' k ') - |) A (% + |) 



a,/3 



tll k 'll-H k llE 2 (t;v-|,k)^(v 



ra |) +t IN-||k'| 



E 2 (t;v+|,k')^(v m + £ 



• (4-6) 
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Hence we can bound \C^\ by 

\ct\ <(cx 2 r * l|k ' IH|k|1 |ded/i(v m -|) 

+ (c , A 2 r£ ||k||-||k'|| I d ^(v m + ^) 



! (<;v-|,k) 



Using that J d£,s\xp v \j £ (^,v)\ is bounded uniformly in e, we only have to perform the v 
integration. After a change of variables v — > v ± £/2 we can use (3.28) with a = 0. This 
concludes the proof of (4.4). □ 

We have the following Lemma parallel to the Lemma 3.12: 

Lemma 4.3 . We have the following representation for for a simple pairing ir G H n ,n' '■ 



d = ci 



+ 



o(ic a \Hft-%) 



(0 < a < I) with 



where 



£te,main 



hi 



(4.7) 



(4.8) 



y(£,v,k,k') =A 2m + 2 ii k ii+ 2 n k 'iieM l|k|l eK) l|k ' 11 |M(v,m)| 2 

x Q* (t; v - I ; k) Q* (*; v + | ; k') % (£,v m ) . 

Proof of Lemma 4-3. The proof is parallel to that of Lemma 3.12. We shall only note the 
difference in d > 3. The term similar to (3.77) is now bounded by 

G,(a,/3,v-|,v + |,k,k') - |M(v,m)| 2 n©M fcj eM^ (4.9) 



< C m^-l/2 + | a |-l/2 + | /3 |-l/2] 



5=0 



J=0 
2 ' 



j 
2 



|M(v,m)| 2 . 



Recall again the simple bound (2.9) for the pairing between Wigner transform and a test 
function. We can now follow the proof of Lemma 3.12 to bound the last three terms in the 
second square bracket in (4.9). Since J decays sufficiently fast in £, we have 

/ c^sup \J £ ^ V )\ = f ^ £ -d sup \jfe-\ v )\\z\ < £ = Cr 1 . 

J V J V 

This provides the bound needed for the new error term 0{£). □ 

We have all the ingredients for the following Lemma which is parallel to Lemma 3.7. The 
proof is the same and we omit it. 
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Lemma 4.4 . We have the following estimate on Cp mam for a simple tt G H n , n ' uniformly 
in e: 

\ne,main\ < (4 -i r>\ 

Combining Lemma 4.1 and Lemma 4.3, we have thus proved that for any M fixed 

M-l M-l 

Jim £ C£ >n , = lim E ^ • ( 4 - n ) 

n,n'=0 n,n'=0 7rGn ^, r t / 

7T simple 

We now sum up C^ ,main for all pairings with a fixed number of external momenta m + 1. 
Recall that m depends on % and we use the notation m = \tt\. Since we have a cutoff in M, 
not all of these pairings (with a fixed number of external momenta m + 1) appeared in (4.11). 
But the number of simple pairings in U n ,n' is at most C n . Hence for any M fixed, we have 
from Lemma 4.4, 

[C\H) M 



M-l M-l 

r " ,main 



E E ci ,main - E E 



m=0 7r:|7r|=m n,n'=0 ^e^^ 

7T simple. 



< 



(Ml) 1 / 8 ' 

7r simple 

2+ _ 



We can thus extend the summation to infinity with negligible errors (recall that A t = T 
which is fixed). The conclusion of Lemma 4.1, 4.3 and 4.4 is 

M-l M-l 

lim lim Kw = J™ lim £ £ C~ . (4.12) 

M^oo e^O * — * ' M^oo e^O — * * — * 

n,n'=0 m = 7r;|7r|=m 

7r simple 

From the definition of C^> mom in (4.8), we have for any m fixed 

£ C e,main = £ /"^ /" rfv^fo ^yfo v , k , k') . (4.13) 

7r;M= m k,k' J J 

it simple |k| = |k'|=m 

We now sum up k, k'. For any m and a, there is an identity 

a^Q*(t; r; k) = e~ lta K{t- r, m) . (4.14) 

k: |k|=m 

We now give a proof of this identity. By the semigroup property (3.53) and the definition 
(3.25) of Q*, we have 

n f m m m oo 



rt£ I I L lit, lit 

« l|k|| Q*(t;r; k) = / ( " 5>) II E a*^-;^,^, . . . ,r,-) . 

(4.15) 



k:|k|=m " u j=0 j=0 j=0kj=0 , 
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We have the simple identity 



OO OO < . ij. 



Using this identity in (4.15) and recalling the definition of K, we have proved (4.14). We now 
sum over k and k 7 and apply the identity (4.14) for a = A 2 G(^o) : 



]T y(e,v,k,k') = A 2m e jtA2 [ e ^)- e ^^(t;v-|;m)K(t;v+|;m) |M(v,m)| 2 ^ (C,^ 

(4.16) 



k. k' 

|k|=|k'i 



From (4.13) and (4.16), we have a new representation of ^2 Cp mam : 



7r : | it I =ra 
7r simple 



x /v ( v - |; m)^*; v + |; m) |M(v, m) | 2 ^ (£, v m ) 



By definition of X, 



- - - - Jo y j i) / 



X 



/ ds'ods^ . . . ds' m 8 I t - s 'j ] II exp 

70 \ j=0 / j=0 



S 3 ( U i ~ |) ~ S> 3 ( V 3 + f 



Let cij = (sj + s'j)/2, bj = (sj - s' 3 )/2. Thus 

K(t;v — - ; rnj K (t;v + - ; rnj =2 m f[f da 3 5 ( / ^\/, ) < 

~ ' ~ ' j II"' 11 \ j=o J 

m „ a . I m \ 



The last integral can be rewritten as 



-c 



E m -l l/3 2 \ 



where 



m— 1 \ m— 1 

Xa(b) := X ( -a < Y h o - a o II x (~ a i - b i - a 3^ 

3=0 J 3=0 
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Here x is the characteristic function and b = (60, &i> &2> • • • b m -i), a = (ao, ai, . . . a m ). 

We change the variables to the macroscopic variables: a = ea, ( = e- 1 ^ t = e~ x T with 
e = A 2 . Notice that i[Q(vo) — 0(i>o)] = 2 Im <S>(vq). We can now rewrite (je,ma%n ag 



77 : \ir\=m " \ j=0 U / \ j — 

7T simple ^ 

J —00 J 
Notice that the A 2m factor in (4.16) is cancelled by e~ m from the change of variables. The 
last integral is the Fourier transform of a product and thus it is equal to 

// m \ „ m 

OtjVj, v 

_ \ i=o /J i=° 
From the definition of the initial data tf)Q = ipQ in the main Theorem, 

W^(Y,v m ) =e- d W % (Y/e,v m ) ^ F (Y,v m ) (4.17) 

weakly as e — > 0. For any fixed m and a 

/qq m — l m — l 

^b Xe - la (b) JJe^i^-O-, J] (2^-^)) 
i=o j=0 

weakly as £ — > 0. In particular 

m—l 



du ...dum-i|M(v, m)| 2 J(y + ^2a j v j ,v j / dbx e -i a (b) J [ e l 

V „•_ r» y J -00 • n 



m — l 



dv ...dv m - 1 \M(v,m)\ 2 j(Y + J2a J v J ,v ) ) J] (2^^-^)) (4.18) 

i=o 3=0 

since J, R & S. This convergence is in <S(Ry x R„ )• Hence we can multiply the limits (4.17) 
and (4.18). 

After changing the variable Y back to X we have thus proved that 

lim V C s n ' main = [ dXdw m J(X, t> )e 2Tlme ^ o) (4.19) 



7r : I 7T I =m 
7T simple 
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lib n J I 110 \ III _1_ I IIL 

x ( n / da i) 6 [ T - Yi a A n a{v ^ u j-i) f o [ * - 5^ aj-uj, ^ 

J^O" 70 \ j=0 / j=0 \ j=0 

where 

<x(£/, V) := 4nR 2 (U - V)S(U 2 - V 2 ) . 
Combining (4.1), (4.12) and (4.19) we obtain 

lim lim E / J £ (£,v)W„i,main (£,v)d£dv 

M^ooe^O J ™t/ e , m 

= jt[ dX [ dVJV^V) [ dV 1 ...dV m I dr m s(T-J2rj) 
m=0 J J J Jo 



xe 2TIme W<T(V,V 1 )a(V 1 ,V 2 )...<T(V rn - 1 ,V m )F X-^r,^,y m ) , (4.20) 

V 3=0 

with V = Vq. Since this holds for all smooth functions J, 



lim lim EW* in (X, V) = F T (X, V) 



weakly with 



W^J n n 110 

F T (X, V) := e 2TIm@ ^ / dV, dV 2 ...dV m dr m s(t 

m=0 J ^° j=0 

m 

x a(V, Vi)<r(Vi, V 2 ) . . . a{V m ^ V m )F ( X - ]T TjV jt V m ) 



We can check that the function Ft(X, V) satisfies the equation 

d T F T (X,V) + V ■ V X F T (X,V) = J [a(U,V)F T (X,U)]dU + 2ImQ(V)F T (X,V) . (4.21) 
Recall cr(V) is the total differential cross section given by 

a(V) := J a(U,V)dU . 

By radial symmetry, a(V) = cr(|V|). Recall the definition of from (3.59) and (3.74). It is 
easy to check that 

Im Q(V) = -2vr / dqR 2 (V - q)5(V 2 - q 2 ) = -^22 . 

JR d 2 

This is actually the second order equality of the optical theorem. From the last relation and 
the equation (4.21), we have proved that the Wigner transform of the main term converges 
weakly to the solution of the linear Boltzmann equation with the scattering kernel a. 
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5. Partial Time Integration and Estimate of \& no (t). 

We shall estimate the L 2 norm of \I/ no (t) in this section (recall (2.1) for the definition). Our 
basic idea is to subdivide the time integration into smaller time intervals of size t/n{e) with 
k{s) to be chosen in (5.10). We then use the Duhamel formula to estimate the evolution in 
each time interval. In other words, instead of using the Duhamel formula to control directly 
the wave function ty no (t), we first subdivide the time interval and then use the Duhamel 
formula in each time interval. We shall see that this procedure improves the error estimates. 

We now define several time dependent wave functions below. The wave functions have two 
variables: (t,po) for the time and momentum. We shall omit one or both variables if they 
are not relevant in the formulas. The choice of k = k(s) and no = no(e) depend on e, but 
we will omit this argument in most cases. Let 9j = jt/n for j = 0, 1, . . . k. Rewrite ty no (t) in 
(2.1) as 

*no(*) = ("0 f ds e-^ H ^ no (s) = (-i)Y^ e -^- e ^ H e'^^ 11 $ m {s)ds. 

We now use the Duhamel formula to expand the unitary group e~ % ^ i+1 ~ s ' H . Recall the 
definition of L in (2.5). Define a kernel 

D(t; p, m) := K(t; p, m — l)L(p, m) 

and the corresponding operator 

(v t (m)0)(po) := J dp m ~D(t;p,m)$(p m ) . 

For n> m and s > 9, define the wavefunction with the (m + l)-th collision after time 9 and 
n total collisions up to time s by 

i>n,m,e( s ) = / daD s _ a {n-m)^ m {a) . 
Je 

We also define the amputated versions of these functions in momentum space: for n > m 

$n,m,e{s,Po) := A J dpV(p -p)$n-l,m,9( 8 iP) • 

The Duhamel formula for e - l i B j+^- s ) H gives 



* no =U 1 + U 2 



(5.1) 
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where 



K-l 



= E E e ~ i( ^' +l)H Vyn ,^+i) 



no<n<4no 3=0 



K-l 



From the unitarity of e~ l<Kt ~ di+ ^ H and the triangle inequality, we can bound U\ by 

K-l 

II U\ ||1< Cn k E II VVnoA-^+O Hi • 

n <n<4no j=0 



(5.2) 
(5.3) 



(5.4) 



This is a discrete version of the following inequality based on the unitarity and triangle 
inequality. Its proof is obvious. 

Lemma 5.1 . For any function h s we have 

ct 



[ e - l ^- s)H h s als 2 <t [ \\h 

Jo 2 J 



1 1 2 



From this Lemma, we can bound U2 by 

K-l 



U 2 {t)\\l<ty] II ^4« ,«o,^(s) 111 <is < t 2 SUp SUp II ^4n ,no,9j( s ) II 2 • ( 5 - 5 ) 

j=QJ0i i 0j<s<e j+1 



The L? norms || ^ n ,n o ,0j (Oj+i) III an d || ^4iio,n ,fl 3 ( s ) 111 i n the last two equations are estimated 
in the following Lemma which we use for r = 9j+i and r = s. 

Lemma 5.2 . For < r — 6> < t/n, 6 <t — t/n, k > 2, n Q < n and < a < 1 we have 



E||^,n 0) *(T)|| 2 < 



2+\n r 



(CX 2 t) 
(n!)V2 



(logt) 4 + 



(n!) 3 / 2 (C logt)"+ 5 

fa/2 



(5.6) 



ftoe will use this for uq < n < 4uq). For 3no + 2 < n fwe use it for n = 4hq ) 

E||Vw(r)|| 2 < 

and 



^ n!(CA 2 t) n (logt) n + 4 

K n 



E||Vn,n , e (r)|| 2 < 



2 ^ n!(CA 2 £) n (logt) n + 4 



K n 



(5.7) 



(5.8) 



Remark: These estimates are not optimal. The true exponent of n in (5.7), instead of no, is 
n — n corresponding to n — no collisions in a time interval of length t/n. In the last estimate 



WEAK COUPLING LIMIT OF RANDOM SCHRODINGER EQUATION 47 

(5.8), we can get an extra j due to the definition of tp starting with a potential. But we do 
not need these stronger results. 

We now use this Lemma to bound U\ and U2. Recall the scaling of coupling constant 
A = y/e and t = T/e. Notice that X 2 t is bounded by T, independent of e. Hence we can 
bound U\ and U2 by 

|| Ul{ t) f 2 < C^nl^\\oge^ + ^ ^ | log£ |4n +5 £ f (4no) , 

^ ' (5.9) 

II TT |,2 , (4n )!C^°|log £ | 4 -°+ 4 

Though these estimates look complicated, they are from a few simple observations. The 
estimate on f/i has two terms: the first one is from the simple pairings; the second from the 
non-simple pairings. The last term for the non-simple pairings has the factor (4no)! from the 
number of pairings and e a l 2 from the phase cancellation of the non-simple pairings. The first 
term from the simple pairings has neither (4no)! nor the factor e a l 2 . It gains at least a factor 
\Jtlq\ in the denominator from the time integration. The true size of this factor should be 
no! and we lost half of it in the estimate. Since we use the unitarity in estimating U\, we in 
principle lose a factor t. But U\ is fully expanded in a subinterval of length t/n. This reduces 
the factor from t to k 2 . In the estimate of U2, the key factor is the denominator K n ° , coming 
from putting 3no collisions in a time interval t/n. The true size of this factor is K 3n °, which 
we obtain only partially. 
We choose 

n = n (e) := j° g ^ , , k = k(s) := \ loge| 1/ ' y2 (5.10) 

log I log £ I 

with a sufficiently small positive 7 1. Notice this choice gives 



lim£ Q |log£r olej = 0, lim£ a rn (£)l! = 0, lim e p K{e) n °^ = 00 

for any a > 7 and (3 < 7 _1 . Thus the three terms on the right hand sides of (5.9) vanish in 
the limit e — > 0. The rest of this section is devoted to prove Lemma 5.2. 

Proof of Lemma 5.2. Denote 

I n -n ,n := |n - n , n - n + 1, • • • , n j . 
Define the free evolution operator with constraint given by the parameters no, 9 as 

K#(t,6;p,n,n ) := / K(t - s, p, n - n - l)K(s, p, I n _ n0jn )ds . (5.11) 
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The sign # refers to the partial time constraint. We can rewrite ip n ,n ,e(T) as 
$n,n ,e{r,Po) = J K # (r,^;p,n,n )L(p,n)^o(Pn)^P n o • 

The pairing structure in the Gaussian expectation E||^ n)TJ , 0) e(r) || 2 depends only on the po- 
tential part and is independent of the iiT-kernels. Thus the generated deltafunctions are given 
by Ii n ,n from Section 3 and are independent of no- Hence we can write (cf. (2.17)) 

ehvw(t)ii 2 = c * 

C* :=X 2n J dp n dp' n K#{r, 6; p, n, n )K#(r, 6; p', n, n ) A° (p, p')Ffan)F(p' , n) . 

(5.12) 

For the amputated function we just omit po from the argument of 

E||Vw(r)|| 2 =E 5 ? 

7T 

C* :=X 2n J dp n dp' n K#(r, 9- p, n, n )K*(r, 6; p', n, n ) A° (p, p')FfarijF(p', n) 



where 



K*(t, 9; p, n, n ) := / K(t - s, p, 7i 5 n_ no _i)K(s, p, I n _ no , n )ds 



Since the number of simple pairings is at most C n , Lemma 5.2 follows from Lemmas 5.3, 5.4, 
5.5 and 5.6 below. □ 

We first prove the following apriori estimate. This implies in particular the estimates (5.7) 
and (5.8) of Lemma 5.2. The estimate obtained in the following Lemma is not optimal and 
the remark after Lemma 5.2 applies as well. 

Lemma 5.3 . For any n G H n ,n we have for n > no 

\c*\ < (c\ 2 tT(\o g ty^ 

and for n > 3n + 2 

< (c^niogtr^ 

(CA 2 t) n (logt) n + 4 
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Proof of Lemma 5.3. Recall the K-identity in Lemma 3.1. We can extend it to the follow- 
ing identity for K#(t, 9; p, n, no). Notice that we now need two integrations for two time 
constraints: 

PT POO 

K # (r,6»;p,n,n ) = - / ds e {T ~ s ^ e S7] / dada e~ za( - T - s) e~ ias 

n — no — 1 1 1 (5.15) 



X 

J 



n n _ ~2 to + irt n 



f-n a -Pj/ 2 + ir l il= T at-p 2 /2 + in ' 
where we choose n := (r — 6>) _1 , rj := £ _1 . We can integrate s to have 

g— ira+rn g— ia("r— i$a + (r — #)n+#n 



/oo 
-oo 



a — a + z(?7 — 77) 



n— n — 1 ^ ^ 



X 



rr rr 

a — p 2 /2 + in . J-- 1 - a — p 2 /2 + ir] 



This yields the following estimate using that rrj < 1, (r — 6)n < 1, #r? < 1: 
\K*(T,9;p,n,n )\ 



< 



oo i n— n — 1 | 

— | | 5— — | ( 

In, — n, -i- i rt — rt\\ 11 In, — n 1 4- in 11 



OO 



| a - a + 7(77 - 7ji)| I a -pJ2 + ir)\ . r AA \a — p 2 J2 + in\ 

(5.16) 

Define 



a \i k <n — no — 1 

a if n — n < k < n 

13 ifn + l<A;<n + no + l 

/3 ifn + 7i + 2<A; 

' 77 if /c < n — no — 1 

r\ if n — no < k < n 

rj ifr2, + l</c<n + no + l 

k rj if n + no + 2 < k . 



Hence we can bound Cf by 

dw A / dadadpdp-. = -, ^ - 

7-oo I a - a + i(n - n)\ \p_p + i ( v _ty\ 



X 

0<fc<2n 



50 LASZLO ERDOS, HORNG-TZER YAU 

If j G -B, we consider Wj as a function of given by (2.19). Thus we can estimate \Cf\ by 
the following bound similar to (3.31): 



/oo 
dadad(3d(3- 
-oo 



a — a + i(rj — rj)\\(3 — (3 + i(rj 



X / d " (W - 4) |a-^/2 + ")P-^/2 + !1) | ft 

n 



a - wl/2 + ir}\\p - w 2 /2 + i V \ Al \a t - wj/2 + i m \ (5.17) 
1 



X 



j€ B M ~ W j/ 2 + ir lj\ 



Notice that 77,77 >t 1 and 1 77 — 77 1 > t 1 (since r — 6 < ^ < |). Following the proof of Lemma 
3.4, we can bound \Cf\ by 

\C*\ < (CX 2 t) n (logt) n + 4 . 

We now prove the stronger estimate (5.13) for n > 3n + 2. Notice that we can bound the 
last product in (5.17) by 

From the definition of B in (2.19), we have \B\ = n + 1. The total number of rfs among 
771,772, • • .7/2n is 2uq + 2. Hence among the 77^ in B, there are at least n — 2no — 2(> no) of 
them with r\k = (r — 6*) -1 . Hence 

'T-6\ n ° t n 



i6B 



This proves (5.13). 

Finally, to obtain (5.14), we just notice that the factor \a — wl/2 + zr/| _1 |/3 — w\j2 + zr/| _1 
is not present in the formula for Cf similar to (5.17). The rest of the proof is the same. If 
we keep track of this omission carefully, then there is one less time integration and we obtain 
an extra t _1 in the estimate of ip n ,n ,o(t)- But we do not need it here. This finishes the proof 
of Lemma 5.3. □ 

Lemma 5.4 . If tv is crossing then 

\C*\ < (CX 2 t) n t- 1 (logt) n+5 . 

Proof of Lemma 5.4- The proof is essentially the same as in Lemma 2.4. We only have to 
use 77,77 > t~ x and 1 77 — rj\ > t -1 . We shall not repeat the argument here. □ 
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Lemma 5.5 . For any nested tt G H n ,n> the following bound holds: 

\C*\ < {C\H) n t-\\ogt) n+A . 

Proof of Lemma 5.5. Recall from the proof of Lemma 3.6 that a nest consists of an inner and 
an outer delta function: 6(— pi+pi + i — pj +pj + i) and 5(— Pk+Pk+i— Pu+Pu+i), i < k < u < j, 
and we can assume that the inner delta function is minimal: u = k + 1. There can be several 
inner deltas belonging to the same outer delta. We can consider a nest where all the inner 
deltas are minimal. Such a nest is called minimal nest. Recall the time threshold s in (5.11). 
If the outer delta is entirely before the time s or entirely after s, we can follow the proof of 
Lemma 3.6. Instead of using the apriori estimate Lemma 3.4 in the proof of Lemma 3.6, we 
now use Lemma 5.3. We thus obtain the estimate (CA 2 t) n t _1 (logt) n+3 . 



Time = x 



outer delta 



inner delta 



4— 

P 



-o 



Total time = t 



1 



inner delta 



li+l 



v 



j+1 



o- 



-o 



Total time = 



Time = s > 



Time = 



Fig. 4. Case c = n - n -1 
h 

The only case left to consider is when the outer delta of a minimal nest bridges over the 
time constraint s, i.e. if % < n — no — 1 but j > n — no. Recall that we have u = k + 1 
for all inner delta function d(—pk + Pk+i — Pu + Pu+i) (as in Fig. 2). Hence by Lemma 2.6, 
Pk = Pk+2- Let p Cl iPc 2 i ■ ■ -Pc v be those momenta with i+l = ci<C2<-..<c v =j which 



52 LASZLO ERDOS, HORNG-TZER YAU 

are the same as pk = Pk+2, i-e. 

P Cl = Pc 2 = ■ ■ ■ = Pk = Pk+2 = ...=Pc v ■ 

Recall I* := I n \ {ci,... , c v } and A°(p*,p) (see (3.42)). Suppose that p Ch is the first 
momentum after time s, i.e. 1 < h < v — lis defined by Ch < n — no — 1 < n — no < ch+i- 
Recall the identity (3.43). We apply this identity to the two K kernels defining K# (see 
(5.11)) with q replaced by pk- Thus we obtain 

K*(r, 9- p, n, n ) = J ds J d^K^r - s - t u p, /* n /„_„ _i) J^Ty 6 '^ 2 



s , „ ,v — h — l 

l 2 p -it2P 2 k /2 

n—riQ,n i 



x J dt 2 K(s -t 2 ,p,I* nl r , 



(v-h-iy. 

Recall the definition of -E^p*, p',Pk) (3.44). We thus have the identity 

C* =\ 2n J dp*dpkdp , n K#(T,e;p',n,no)A Tr (p*,p>)E(p a *,p , ,p k ) 



X J dsj^ dhKfr -S-h, p, I* n Jn-no-l) e^S/ 2 

x jf cft 2 K (s - £ 2 , p, I* n 7n_„ 0l „) — — e~^ 2P fc/ 2 . 

Following the proof of Lemma 3.6, we integrate pfc by parts. We thus obtain an identity for 
Cf in terms of H(p*, p',pk) (see (3.45)), like (3.46), but with an extra factor (t± + t 2 )~ 1 . 
Rewrite this factor by the simple identity 

h +h Jo 

We obtain the following expression of Cf: 

C* =X 2n J dp*dp k dp' n da K#(r, 6; p', n, n )A° (p*, p')H(p*, p', p k ) 



*J B dsJ^ dhKfr - s - t u p,I* n J w _ W0 -i) 1 e -<«i(p a fc /2-«M) ( 5 .18) 



X J dt 2 K(s - t 2 , P , I* n J n - no ,n) ^ j— 1 e-^W 2 -*) . 

We can perform the dt\dt 2 integrations so that the last two lines are equal to 
/ ds K * ( T ~ s > Pf »nJ n - ran -i » Pfc _ ■■■ 'Pk- 



IB 

h times 



x K* (s, pj* nIn _ n ^ n , pi - 2iu, ...,pl- 2ifi) , 



v-h times 
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where K* is defined in (3.10) and P/*n/„_„ _i = {Pj '■ j £ I* ,3 £ ^n-n -i}- If the lower 
bound 6* in the s integration were replaced by 0, we could use the semigroup identity of K in 
(3.53) to obtain once more K*, i.e., it is equal to 



v times 

The lower bound 6 complicates slightly the estimate. 

We can now follow the proof of the apriori estimates Lemma 3.4 or Lemma 5.3 to bound 
\C*\ by 



/OO r POO -i 
dn / d/j(w A ) / dadad(3d(3 ; 
- oo J Jo \a-a + i(ri- 



1 



a-P k / 2 + i (v + V>) 



a-pl/2 + i(7] + y) 



v — h 



n 



\P-P + i(r,-?j)\ 
1 



0<fc<2n 
k^£cj, 1 < j < v 



a k - W k/ 2 + ir lk\ 



Here rj := (r — #) -1 and ?y := t . The definition of a k and ?7fc are the same as in the proof 
of Lemma 5.3. For each \i fixed, we can estimate the right hand side of the last inequality as 
in Lemma 5.3. The only difference is the regularization of p\ by + rj) instead of %r\. The 
dependence on fx is rather easy to track. Integrating this /i dependent estimate over fj,, we 
have 

\C*\ < (CX 2 t) n t- 1 (logt) n+4 . 

The proves the Lemma 5.5. □ 
Lemma 5.6 . For any simple % e H n ,n 

\C*\ < ^0^(logt) 4 + o((C7 a A 2 t)^-f(logt)^ 2 ) 



with < a < 1. 



The proof of Lemma 5.6 is similar to that of Lemma 3.7. Instead of the K-identity (3.7), 
we now use the representation (5.15) for K#. This gives a representation of the free evolution 
with time constraint. The rest of the proof for Lemma 5.6 is similar to Lemma 3.7. 
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6. The two dimensional case. 

We now prove Theorem 1.1 for d = 2. This requires to extend all the arguments in section 
3, 4 and 5 to d = 2. The key Lemmas in these sections are Lemmas 3.5-3.12, Lemmas 4.2, 
4.3 and Lemma 5.2. Since the proofs in Sect. 4 and 5 are taken from arguments in Sect. 3, 
once we extend the proofs in Sect. 3 to d = 2, the modifications needed in Sect. 4 and 5 are 
obvious and will not repeated here. So we shall only prove Lemmas 3.5-3.12 for d = 2. We 
first note that the estimates in Lemma 3.10, needed in the proof of Lemma 3.11, are worse 
for d = 2 than for d > 3. The trouble comes from the small momentum regime. The function 
Q(v) has a log \ v\ singularity for small v in the real part of O; the imaginary part is bounded. 
This means that the constant C in Lemma 3.11 (which partly comes from (3.71)) blows up 
logarithmically if the zero momenta set has a positive probability with respect to the initial 
wavefunction. On the other hand, the Boltzmann equation (1.4) involves only ImO, which 
remains bounded. Hence the solution to (1.4) depends weakly continuously on its initial data, 
to be made precise later on. We now use this regularity property of the Boltzmann equation 
(1.4) and the unitarity of the Schrodinger evolution to cutoff the small momenta regime of 
the initial wave function. 

Let 9 > be the cutoff threshold and let x B denote the smooth radial cutoff function 
supported outside the ball of radius 9 centered at the origin with x d (r) = 1 for \r\ > 29. We 
decompose the initial wave function into 

V>0 = + (V>0 - Tpf) (6-1) 

where 

V^(r) := (r)x 6 (r) 

We can compute the Wigner distribution of ip^ 6 easily. The proof is rather simple and will 
be postponed. 

Lemma 6.1 . For any 9 > let F${X,V) = \h(X)\ 2 5(V - V S(X))[ X e (V)] 2 . Then the 
following weak limit exists and equals to F{j(X, V): 

limWJ...(X,y) =F°(X,V). 

Let ipl' e = e- itH tf; £ / be the solut ion to the Schrodinger equation (1.1) with initial condition 
ipQ 9 . Let be the solution to the Boltzmann equation (1.4) with the initial condition F® 
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and the collision kernel given in the main theorem (1.1). The following key Lemma is a cutoff 
version of Theorem 1.1. 



Lemma 6.2 . Let d = 2. With the notations above, for any 9 > and T > 

_KmEW;... (X,V) = F°(X,V) 



(6.2) 



T/e,ui 



weakly in S(R 2d ) . 

The proof of this Lemma will be given later on. We now take the — > limit in (6.2) 
to prove Theorem 1.1 for d = 2. Recall the continuity property (2.10) of the Wigner trans- 
form with respect to the L 2 norm of the wave function. We use (2.10) with respect to the 
decomposition 

r t =r/ + e- itH (r -%' e )- (6-3) 
By the unitarity of the Schrodinger evolution we have 1 1 V 7 * 1 1 2 = 1 an d 



-itH / /,e 



e,9 



Clearly, 



lim sup 

0-0 £ <i 



= . 



Thus from (6.3), we have in particular ||V , t' 6 'll ^ s uniformly bounded. For any e and 9 we have 
(cf. (2.10)) 



E(J,W^ t )--E(J,W<.) <C(J)yjE\\ti%V\\e- itH (%-ii> e o 



with a J-dependent constant C(J), hence 



0\l|2 

2 



lim sup 

0-0 e <i 



E(J,W^_)-E(J,W^, e ) 



T/e 



T/e 



(6.4) 



From (6.2) and (6.4) we have that 



lim EWle (X, V) = lim F&(X, V) 

weakly. 

Notice that the Boltzmann evolution (1.4) is weakly continuous in the following sense: 
Suppose that we have a sequence of initial data Fq (X, V) such that 

KmF»(X,V)=F (X,V) 

u — >(J 
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Let Fj,(X,V) denote the solution to the Boltzmann equation with initial data Fq(X,V). 
Then 

\imF£(X, V) = F T (X, V) 

weakly. This can be checked easily since (1.4) is a linear equation and the collision kernel is 
bounded in d = 2. In our case, 

F*(X,V) = \h(X)\ 2 5(V-VS(X))[ X e (V)} 2 -> \h(X)\ 2 8(V- VS(X)) := F (X,V) 

weakly as 6 — > provided that the set {(X, V) : V = 0} has zero measure with respect to 
the probability measure Fq(X, V)dXdV. This concludes Theorem 1.1 for d = 2. 

It remains to prove Lemmas 6.1 and 6.2. The proof of Lemma 6.1 is just a simple exercise 
in real analysis. 

Proof of Lemma 6.1. For any smooth testfunction J, from the definition of the Wigner 
distribution (1.6) we have 

J dXdVJ(X,V)W^,e(X, V) 



e~ d 



(6.5) 



By Taylor expansion there exist bounded smooth functions F e and G e such that 

X 9 (v - |) X > + |) = [ X \v)] 2 - e*C 2 F°(v) + e^G\v,Ce) 
Since d = 2, we need to compute 

lim J d(dvJ((, v) [ e~ 2 [ X e {v)\ 2 + ( 2 F 9 (v) + e( 3 G 9 (v, (e) 



x 



/ . [ (X-Y)- V -(S(X)-S(Y)) > X + Y ~\ ; , 
e*L < C '~J /i(x)/i(y)dxrfy 



The term with G 9 has an extra e, so for this term one can estimate all integrands by absolute 
values and it gives a negligible contribution. For the other two terms, we need the following 
fact: for any Schwarz functions H, I 

„ f — f ■ \ (X-Y)-v-{S(X)-S(Y)) > X + Y~\ 

lime" 2 / d(dvI((,v)H(v) / e'L * h(X)h(Y)dXdY 

; ° 7 ; (6.6) 

dX\h(X)\ 2 I(X,VS(X))H(X7S(X)) . 
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Applying this statement to H = F 9 and I = —A X J, we have 

/— _ n f ■ \ {X-Y)-v-(S{X)-S(Y)) j. X + Y~\ 
d(dvJ((,v)( 2 F d {v) e l l * c -—\h(X)h(Y)dXdY =0 

since the factor e~ 2 is missing in this expression. Applying this statement to H = [x e ] and 
I = J, we have 

„ f — r a -.of ■ T (X-Y)-v-(S(X)-S(Y)) A X + Y 1 

lim e~ 2 / d(dvJ{(,v)[ X e {v)] / e*L * c ~ J h(X)h{Y)dXdY 

= J dX\h(X)\ 2 J(X,VS(X))[ x e (VS(X))] 2 . 

This proves Lemma 6.1. 

It remains to prove (6.6). We first perform the d( integral and then change the variables 
A = (X + Y)/2 and B = X - Y. Thus the LHS of (6.6) is equal to 



lime" 2 / dA dB dv7{A^)H(v)e t£ "[ B - v - s ( A+ ^ +s ( A -^ h{A+^)h{A-^) (6.7) 

^From the Taylor expansion, the exponent can be written as 

is' 1 [B-v-S(A+^)+S(A- ^)] = is' 1 [B-(v- VS(A)) + B 2 K(A, B)] , 

where K(A, B) is some bounded smooth function. Changing the variable B = we have 

that (6.7) is equal to 



lim / dA d/3 dvJ(A,v)H(v)e i ^ v - vs ^ +i£ ^ K ^ £ ^h{A+ —)h(A- ^) 
dA d/3 dvJ(A, v)H(v)e^< v - vsiA ^\h(A)\ 2 



The last term is the right hand side of (6.6). This completes the proof of Lemma 6.1. □ 

We now prove Lemma 6.2. As remarked in the begining of this section, we shall only prove 
Lemmas 3.5-3.12 for d = 2 with the initial wave function supported outside a ball of radius 
9 in the Fourier space. Lemma 3.6 can be proved in exactly the same way. The key steps to 
prove Lemma 3.7 are Lemmas 3.11 and 3.12; the rest of the arguments to prove Lemma 3.7 
hold for d = 2 as well. Thus we only have to prove Lemmas 3.5, 3.11 and 3.12. We shall omit 
all superscripts 9 from the notations for the rest of this section. All constants will depend on 
9. Certainly, the support of ipo is now outside a ball of radius 9 in the Fourier space. 
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Proof of Lemma 3.5 for d = 2 with cutoff initial function. Following the original proof, we 
notice that the estimate (3.38) needs to be modified in d = 2. It is easy to see that (3.38) 
remains true with an extra 



+ 



1 



{al+t- 1 Ifil+t- 1 

factor on the right hand side. Thus the same factor appears in (3.39). Since the initial wave 
function is supported outside a ball of radius 6, we can restrict the wo integration in (3.39) to 
I wo | > 6. This cutoff ensures that the two singularities, a ~ and a ~ Wq/2 are separated. 
Thus the da integration gives only an extra logt factor. The same argument applies to the 
dp integration. This proves Lemma 3.5 for d = 2 with cutoff initial wave function. □ 

We now prove Lemma 3.11 and 3.12 for d = 2. 

Proof of Lemma 3.11 for d = 2 with cutoff initial function ip ' . We first note that the uniform 
bound (3.71) is replaced in d = 2 by 

|e a ,„(r)| <C(l + [log«]_). 

Hence (3.72) is modified by the factor (1 + [loga]_)H k H+ m (l + [log/3]_)H k 'H +m on the right 
hand side, i.e., 

r, r, k, kO||^o(^)| 2 rfr_ < CH k H + H k ' H ( 1+ [log «] _ ) H k H +^ ( 1+ [log /3] _ ) H k ' H +^^(r_) 

(6.8) 

Thus from (3.63) 

ICV | <{C\) 2fl e t71 [ dn(r m ) [ dadfi 

J\r m \>9 J-oo 



n 

i=o 



a — ry '2 — in 



fc,+i 



1 



P - rV2 + in 



(l + [loga]_)" k H+™(l + [log/3]_) 



Ik'H+m 



(6.9) 



The goal is to show that (6.9) is bounded by (CA t) n . The constant may depend on 9. Let 

(a,[3) : \ a \>-,\0\>- 
and denote by B c the complement of B. Define 



T B :=(CA) 2 V 



n 

3=0 



1 



d/j,(r m ) / da d/3 

\>e ' J( a ,f3)eB 

ki+i k'i+i 



a — r ■ j2 — in 



P-rj/2 + in 



(1 + [loga]_) l|k|l+m (l + [log/3]_) l|k ' ll+m 

(6.10) 
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and similarly define jFg c . We have the following extension of Lemma 3.11. This proves 
Lemma 3.11 for d = 2. □ 

Lemma 6.3 . For any initial function and any it G H n ,n' with n + n' < 2no(e) we have 

\F B \ < (CXHf . (6.11) 

\FbA < t- 1/2 (CX 2 tf . (6.12) 

Proof of Lemma 6.3. We follow the proof of Lemma 3.11. Since (a,/3) G £>, the logarithmic 
factors (1 + [loga]_)H k ll+ m (l + [log/3]_)H k 'H+ m is bounded by C 2fl . Thus we can directly 
follow the proof of Lemma 3.11 to obtain a bound (CX 2 t) n for jFg. This proves (6.11). 
We now prove (6.12). We first define the quantity 



/OO II h 

cfa(l + [loga]_)ll k ll+™n 
-OO _•_ n 



1 



a-p 2 /2 - it- 1 



ki + l 



3=0 

which is a modification of E defined in (3.26). The estimate (3.28) has the version for S: 

J |E(t,p,k)|%( Pm ) <t^{Ct) m+nn . (6.13) 
To prove it, we replace R(a,p m -i,p m ) in (3.17) by 

£(a,p m _i,p m ) := (1 + [loga]_) m+| l k H#(«,p m _i,p m ) 

and replace Z(p m -i,p m ) in (3.18) by 

f°° (1 + Qoffd ) m +ll k H 

J.oo \a - Ptn^/2 + irj\ \a - p^/2 + vq\ 

Recall that m + ||k|| < n < 2n < 2n (e) with n (e) defined in (2.2) and satisfying (2.3). 
Simple calculation shows that the estimate (3.19) is valid for Z with an extra t 1 / 4 factor on 
the right hand side. Here we have to use (2.3). This proves (6.13). 

Recall (a, (3) G B c for F B c, hence \a\ < 6 2 /8 or \/3\ < 8 2 /8. Suppose we have \a\ < 9 2 /8. 
Since we only integrate \r m \ > 9 in (6.9) the denominator 

\a-r 2 m + in\ > 6 2 /8 
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Notice that this reduces k m by 1. We now follow the proof of Lemma 3.11 but use (6.13) and 
the remark above. Since k m is reduced by 1, we we obtain an extra £ _1 . Together with the 
factor t 1 / 4 in (6.13), we have an overall factor t 3 / 4 < t l t 2 . This proves (6.12). □ 

Proof of Lemma 3.12 for d = 2 with cutoff initial function. We only remark the modifi- 
cations compared with the d > 3 case. Our goal is to estimate (3.76) for d = 2. Notice 



that 



G v (a, (3, r, r, k, k') \ipo{r m ) \ 2 dr m satisfies (6.8). Similar inequality holds if we replace 



G v (a, (3, r, r, k, k') by |M(r, m)| 2 0(ro) O(ro) " k ". Thus from (6.12) in Lemma 6.3 the con- 
tribution of the set (a,/3) G B c to (3.76) is negligible. We only have to consider the case 
(a,/?) G B. Using Lemma 3.10, we have to modify (3.78) to 



+ 



e*,„(|r|) " ®*a, v (\r'\) < C\\r\ - \r'\\(l + [loga]_) 

Thus (3.79) becomes 

©«>,) - e(r ) < CM" 1 ^! + [log«]_) 

+ C(v~ 1/2 + + ±) (|a - rl/2\ + rj) . 

V \a\+r} \ro\ / \ J 

Hence we can bound (3.76) on the set (a, 0) G B by 

fc'+i 



(6.15) 



) 



(6.16) 



(a,/3)6B j=Q 



1 


kj+i 


1 


\a — r|/2 — in 




/3- 


r|/2 + in 



x (1 + [loga]_) m+l|k|l (l + [log/3]_) m+l|k ' 

1/2 



X 



X 



1 1 1 1 1 

v + + JcJTv + + W+V + Vol 

0{a- rl/2) +0(j3- rl/2) + £ [o(a - rJ/2) +o(j3- r)ji) + 0(n)} 



(6.17) 



As in the proof for d > 3, we gain an extra factor t 1 from the terms in the second square 
bracket in (6.17). Again, we can estimate the logarithmic factors (1 + [loga]_)l' k H +m (l + 
[log/3]_)H k 'H+ m in B by C n . Thus we can estimate (6.17) following the proof for d > 3. This 
concludes the proof of Lemma 3.12 for d = 2. □ 
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Appendix. 

Proof of Lemma 2.3. Part (i). Using the w variables, all Type (I), (F), (II) deltafunctions 
can be written in a unified way as S(wi — Wi+i + Wj — Wj+i) with < i < j < 2n, and 
the Type 111(0 delta function is 5(w n — w n+ i + £)• Notice that for this proof it suffices to 
consider the case £ = 0, the extension to nonzero £ is obvious. 

From these deltafunctions one can form a (n + 1) x (2n + 2) matrix M. in a natural way; the 
columns correspond to variables wo,wi, . . . -u^n+i, each row corresponds to a deltafunction 
and it contains 0, +1, —1 according to the coefficients in the linear combination of tu's given in 
the deltafunction. The product of all the deltafunctions gives the kernel of M, as a subspace 
of R 2n + 2 (coordinatized by the variables wq, w\, . . . -u^n+i)- 

The proof of Lemma 2.3 is a simple Gaussian elimination performed on the matrix Ai. We 



shall bring the matrix into a form 



Mo 



, where / is the (n + 1) x (n + 1) identity matrix 
and Mo is the matrix in (2.19). The columns in the —I part of that matrix correspond to 
the variables indexed by the set B. Using the —I matrix, this means that the rows of Mq 
can also be associated with the elements of B. From this elimination, in particular, it follows 
that the rank of M is n + 1. 

Since we have to show some particular properties of Mo, a simple existence argument is 
not sufficient. It is simpler to give an explicit construction. 

Each delta function 5(wi — w^+i + Wj — Wj + i), in its original (non simplified) form, contains 
four momentum variables, indexed byz<z + l<j<j + l. Two of these appear with plus 
sign, two with minus sign and the two middle ones can cancel each other. In this case, the 
corresponding row of M contain only two nonzero entries. The variable with the biggest 
index j + 1 always comes with a minus sign, and this index is called leading. Furthermore, 
the leading index of the Type III delta function 5(w n — w n+ i) is n + 1 by definition. Obviously, 
the leading indices are different for different delta functions. Define B to be the set of all 
leading indices, \B\ = n+1, and let A be the complementary set of indices. It is clear from 
the construction that G A and 2n + 1 E B. 

We show that by permuting rows and by adding certain rows to some others in M., we can 
achieve that 



(i) all the columns, corresponding to S-elements, have only a single —1 nonzero entry; 

(ii) all entries of the matrix are 0,-1 or 1; 
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(iii) the leading —1 is last nonzero element in each row ; 

(iv) the last row is (1, 0, 0, . . . ,0, —1). 

It is obvious that with these row operations, the sum of the elements in each row remains 



Mo 



-I 



with 



0. Hence, after rearranging the rows and columns, this will yield the form 
a matrix M.q described in Lemma 2.3. 

By looking at the description of the deltafunctions we observe that in the matrix M. the 
first column contains only a +1 nonzero entry, the last column contains a single —1 and all 
other columns are either completely empty or they contain exactly one +1 and one —1. In 
particular, the sum of all rows is (1, 0, 0, . . . ,0, —1). The S-columns, i.e. the &i-th, 62-th etc. 
ones, are never empty. For each b e B, b 7^ 2n + 1, let R^ (and R^) to be the row which 
contains a +1 (—1, respectively) in the b th place. 

We permute the rows of M. such that b 1— > be an increasing function. We put the row 
containing the leading —1 in the last column into the last row of the permuted matrix. Since 
the leading — l's are the last nonzero elements in each row, we see that R^ < R^ for each 
6 6 B, 5 ^ 2n + 1. For each such 6, we add the row R^ to the row R^ and we do it in the 
increasing order of the Vs. More precisely, if b\ < bi < . . . < b n are the elements of B which 
differ from 2n + 1, then first we add the row to R£ , then the row to R£ , etc. We 
name these steps according to their column index as 61-step, 62-step, etc. 

In this way, each leading —1, except the one in the last row, is added exactly once to cancel 
the +1 in its own column below it. Hence after these operations, the S-columns will contain 
a single —1. The column which originally contained a single —1 is not affected. Notice that 
no leading —1 is cancelled. This is a consequence of the following two facts: 

(i) we always add a row to some other row below; 

(ii) during the elimination, the elements above a leading —1 in its column are always zero. 
The conclusion is that after these operations, the resulting matrix has a single —1 in each 
.B-column. Furthermore, these —l's are the last nonzero elements in their rows and the first 
nonzero elements in their column. 

The last row of the resulting matrix is (1, 0, 0, . . . ,0, —1). For, along the elimination each 
row but the last one has been added exactly once to some other row below. Hence, at the 
end, the last row will be the sum of all the rows of the original matrix. 

Finally, we have to show that the only possible entries are 0, —1 and +1. Suppose this is 
not the case. Since the entries originally were 0, — 1,+1, we can consider the first moment 
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during the elimination procedure, when a ±2 was created. For definiteveness, assume that it 
was in the 6-step (when row was added to row R^), that an entry +2 appeared at the 
first time, and suppose that it was in the m th column (the proof for the case —2 is identical). 
In other words, right before the 6-step both rows R^ and R£ contained +1 at the m th place. 
Certainly m < b as R^ has zero elements in the columns with higher index than b. 

During the elimination, we call a row untouched if it has not been added yet to any other 
row (but some other row could have been added to it). In the original matrix M there was 
at most one +1 in the m th column and suppose it was in the row R. Due to the algorithm, 
both +l's at the m th place at the 6-step must originate from this single +1. 

Clearly R < R^ , since every row is added at most once to some other row, always below, 
hence the +1 originally in the row R could not appear in a row above it. For the same reason, 
R ^ R^ : since it is exactly the 6-step when we add the R^ row. Before this step, the R^ 
row was untouched and the +1 in the this row has not been moved out. So the +1 in the 
R^ row could not have been created if R = R^ . Hence, right before the 6-step there are two 
untouched rows (namely R^ and R^), both contain a +1 at the m th place which were not 
there in the original matrix M.. 

We show that this is impossible. Notice that there could several +l's appear in the same 
column along the elimination. But at every moment, there is at most one of them which sits 
in an untouched row. This is seen by induction on the step number. Whenever a new +1 
is created in a column, it must come from another +1 in the same column, and this latter 
+1 sits in a row which has just been touched. Hence the number of +l's in untouched rows 
never increases. Originally there was at most one +1 in the m th column, so there could not 
be two of them before the 6-step. 

The proof of part (ii) is very similar to the case r = n + 1 and the details are left to the 
reader. This completes the proof of Lemma 2.3. 
□ 

Proof of Lemma 2. 6. First we show that the identifications described in the theorem can be 
forced. Fix two edges e(wi) and e(wj) and suppose that after removing them, the graph 
G = splits into two components: G \ {e(wi), e(wj)} = G\ U G2, G\ n G2 = (as graphs). 
We used that G contained the circle graph C with V(G) = V(C), hence G is two-connected, 
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so the number of components after removal of two edges is at most two. Choose the indices 
such that the right square be in V(G 2 ). 

Notice that Gi (i = 1,2) cannot be just a single bullet (it can be a square), since each 
bullet has three edges adjacent to them. This corresponds to the fact that Wi = Wi+i 
type momentum identifications are not possible (apart from the momenta at the squares). 
Gi certainly can be a square, but this leads to the trivial deltafunction 5(w2n+i — wq) or 
5(w n — w n+ i) which are forced as we have seen. So from now on we can exclude this case. 

Let C\ {e(wi), e(vjj)} = A\ U A 2 (as graphs), where V(Ai) = V{Gi), i.e. the arc (directed 
path) Ai is a subgraph of Gi. Obviously A\ n A 2 = (as graphs), and since G\ fl G2 = 0, 
it is clear that all the pairing edges in the original G must be either entirely within G± or in 
G 2 - On Fig. 5 i = 2, j = 8, A\ is the directed arc with edges e(ws), e{w^), . . . , e(wr) and A2 
is e(wg), e(wi ), . . . e(w 2 n+i), e(w ), e(wi). 

Consider G\. All pairing lines starting from any point of V(Gi) must be joined to another 
bullet from V{G\). Let us add up the arguments of all deltafunctions (Type I, I' and II) 
which correspond to pairing lines within G±, and if G\ also contains the left square, then add 
the argument of 5(w n — w n +i) as well. Let us call this collection of deltafunctions A. Notice 
that in all deltafunctions the sign is decided by the arrow: the sign is plus if the arrow is 
incoming (into the vertex, associated with the deltafunction) and minus otherwise. 

In A every momentum belonging to E{G\) appears exactly twice: once with plus once with 
minus sign. For, notice that every vertex (except the left square) has a unique delta function 
associated to it; the one whose pairing line meets this vertex. The Type III delta function is 
associated to the left square. Consider now the momentum w m with e(w m ) G E{G{). This 
connects two vertices of V{G\). Both delta functions corresponding to these vertices are 
present in A. Hence the momentum w m appears exactly twice in the collection A, and since 
it corresponded to an arrow, which is outgoing from one vertex and incoming into the other, 
the sign of these two appearances are opposite. Hence when summing up the arguments of 
all the deltafunctions in A, all these momenta cancel. 

After summation, only those momenta remain which appear in A, but are not part of 
E{Gi). Since A consisted of delta functions associated to vertices in V{G\), the remaining 
momenta are those which are associated to edges in E(G) \ E(Gi) and which edges are 
adjacent to V(Gi), i.e. exactly e(wi) and e(wj). One of them must be incoming into G±, 
the other is outgoing, since at every vertex we have one incoming and one outgoing arrow, so 
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the same is true for any subset of V{G), in particular for V(Gi). This completes the proof 
that the given deltas force Wi = Wj. On Fig. 5, the arguments of the three delta functions, 
8(w 2 — ws + W5 — wq), 5(ws — + — W5), 5(wq — W7 + wi — wg), add up to w 2 — w%. 




Fig. 5 

For the proof of the other direction, we have to show that if some linear combination of 
the arguments of the delta functions Type I, F, II, forces Wi = Wj, then G \ {e(wi), e(wj)} 
has two components (see Fig. 6). 

Since C is a circle, C\ {e(wi), e(wj)} = A\ U A 2 where A\ fl A 2 =0 are two arcs. Hence the 
two possible components of G, after the removal, must have the same vertex sets as the arcs: 
V(Ai) = V(G\) and V(A 2 ) = V(G 2 )- So we have to prove that if Wi = wj is forced, then 
there could be no pairing line between V(A 1 ) and V(A 2 ) (which could save the connectedness 
of G\{e(wi),e(wj)}). 

Suppose that G\{e(wi), e(wj)} is connected. Then there is a pairing line L which connects 
a vertex in V(A 2 ), say P, with a vertex in V(Ai), say Q. Of course P and Q are bullets (not 
squares; as there is no pairing line coming out of a square). Consider Cl '■= C U L, more 
precisely, Cl is a graph such that V(Cl) = V{C) and E(Cl) = E(C) U {L}. This is a circle 
with an extra loop L. Since L connects A\ and A 2 , there is a circle C in Cl which contains 
the edge e(wi), but not e(wj) and C naturally contains L. C contains an arc A from C built 
from momentum lines (the arc A between P and Q), and clearly C = A U L. 
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L 




Fig. 6 

Now we add a nonzero momentum q to all the momenta associated with the momentum 
lines in A and leave the momenta associated with the complement arc A c := C \ A, con- 
taining e(wj), untouched. We claim that this shift in the momenta is compatible with all 
the deltafunctions Type I, I', II, III but is not compatible with 5(wi — Wj), hence the latter 
cannot be forced by our deltas. 

It is clear that this shift is not compatible with 5(v)i — Wj), since after the shift Wi — > Wi + q, 
while Wj is unchanged. 

To see that this momentum shift is compatible with all our deltas, first note that if a 
deltafunction (from Type I, F, II) is not the one associated with P or Q, then it remains 
valid after the shift. The reason is that this deltafunction joins two bullets, and for each 
bullet there is an incoming and an outgoing arrow. Depending on whether the bullet belongs 
to V(A) or not, these two momenta get shifted or not simultaneously. But the structure of 
the deltafunctions is such that the incoming and the outgoing momenta come with different 
signs, hence either both are shifted or none of them, the deltafunction remains valid. The 
Type III deltafunction clearly remains valid. 

Finally we have to check the validity of the delta function connecting P and Q. But in the 
argument of this delta function there are two momenta which are in A and two which are in 
A c , and the ones which are in A come with different signs. So adding q to the momenta in A 
does not change this delta function either. The proof is completed. 
□ 
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Proof of Lemma 2.7. In this proof we use the notation wq, w\, . . . , w^n+i- In the matrix 



M 



I 



the first n + 1 columns are associated with the elements of A : the remaining 
columns with the elements of B. Hence, by the identity matrix, the rows of Mo can be 
associated with the elements of B as well. 

Suppose first that tv is crossing, i.e. it contains two delta functions 5(wi — Wi + i +Wj — Wj+\) 
and d(wk—Wk+i+W£ — wi + i) such that i < k < j < i. By definition, j + 1 E B, i.e. j + 1 = b u 
with some 1 < v < n + 1 (see the proof of Lemma 2.3). Suppose that in Mo, the v-tlv row 
(associated with j + 1 e B) contains only one nonzero element. Then Aq(w) forces the 
identification Wj + i = w u for some u G A. Moreover, u < j + 1 by Lemma 2.3. Using 
Lemma 2.6, we obtain that the removal of the edges w u and Wj+i disconnects G^. But this 
is impossible; the two dashed lines corresponding to these two delta functions keep the graph 
connected. This can easily be checked by distinguishing three cases: u < i, i + 1 < u < k 
and k + 1 < u < j. Fig 7. shows these three possibilities for w u . 




w 1+1 wj w j+1 Wj w k+1 w k w i+1 wj 



Fig. 7 

For the converse proof, assume that n is noncrossing. The set B is uniquely given by ir. 
We need the following auxiliary lemma, whose proof is postponed. 

Lemma 6.4 . If tv is noncrossing, then A°(w) is equivalent to a product of identification 
delta functions of the form 

l[6(w b -w a{b) ) (6.18) 

beB 

where a(b) G A. (The sets A, B are defined in Lemma 2.3.) 

From the elements a (b) one can form a matrix Mo as follows. The u-th row of Mo is 
associated with the element b v G B, and the /U-th column with G A, such that the //-th 
entry of the u-th row is 1 for a(b v ) = a^, and all other entries are zero. We claim that 
Mq is the same as Mo obtained in Lemma 2.3. If it were not the case, then for some 
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b v E B, the original A°(w) would force both 5(wb v — w a J and b~(wb v — XlaeA* (i^ajj 
with some A* C A, A* ^ {a^}- But then A^-(w) would force the nontrivial delta function 
$(w a ^ — XlaeA* (i^a)j involving momenta only from A. This delta function obviously 
cannot be forced by n"=i ^(^fc,, ~~ w a(b u )) but this latter product is equivalent to A°(w), 
which contradiction proves Mo = Mo, hence the converse statement of the Lemma. □ 

Proof of Lemma 6.4. It is enough to show that for each b E B there is an a(b) E A such 
that 5(wb — w a (b)) is forced by A°(w). For, by comparing the ranks of the product (6.18) 
and A°(w), we see that these are equivalent. 

Since b E B, we know that a pairing line ends at the beginning of the arrow Wb- Consider 
the arrow at the beginning of this pairing line (see Fig. 8). In other words, suppose that this 
pairing line corresponded to S(wk 1 — w^+i + Wb-i — Wb) with k\ < b — 1, and consider w^- 
Since ir is noncrossing, the removal of Wk 1} Wb disconnects the graph, hence 8{wk 1 — Wb) is 
forced by A°(w) using Lemma 2.6. If k\ E A, then we define a(b) := k\. If k\ E B, then 
we continue the procedure; there is a pairing line ending at and starting at, say, Wk 2 - 
I.e. there is a delta function S(wk 2 — Wk 2 +i + w^-i — Wk ± ), ki < k\ — 1, and we see that 
5{wk 2 — Wk-i) is forced, hence 5{wk 2 — Wb) is forced as well. Again, if fc 2 E A, then a(b) := k<i, 
otherwise we continue the procedure to find k% etc. Since E A, we see that at some point 
this procedure terminates, yielding the value a(b) E A (on Fig. 8, b, fci, ki E B, k% E A). □ 



w 



Wi, 



w. 



Wi, 



Fig. 8 



Proof of Lemma 3.10. We shall consider r = 0, the general case is similar. Let Y(z) := 

(Y z f)(0). Define 

t(Q) := [ f(-Q 1/2 u)du 
Js- 1 - 1 

where Q > and the integration is on the unit sphere 5 ,d_1 with respect to the normalized 
surface measure. Clearly /* is bounded, smooth away from 0, it decays fast at infinity and 
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its derivative has a Q -1 / 2 singularity at Q = 0. We have 

Y(z) = ^ ^Qi-'dQ. (6.19) 

(i) For the proof of (3.64) we assume that a = Rez > 0; the case a < is similar but 
easier. We split the integration as follows 

Y(z)= ( £Mg»-*j+ f ^Qi-'dQ, 

J j z-Q J j c z-Q 

where J := [max(0, a — 1), a + l] and J c = [0, oo) \ J. On the set J c we use the estimate 
\z — Q\ > 1, hence this integral is bounded by (const. )||/||2d,2d- On the set J we use the 
identity 

r!m Qi - ldQ= rm^m dQ+g(a) r_L^ dQ (6 . 20) 

J j z-Q J j a-Q + irj J j a-Q + irj 

with 

g(Q) ■■= r{Q)Q i ~\ 

The function g'(Q) inherits the Q -1 / 2 singularity at the origin from the derivative of /*. We 
easily obtain for |a — Q| < 1 that 



g(Q) - g(a) < (const.) || / 1| 2 d,2d \ VQ ~ V&\ 
Hence the first term in (6.20) is estimated 

g(Q)-g(a) 



-dQ 



< (const.) ||/|| 2 d,2d / 7= 1 r^ dQ < (const.) Il/H 2d,2d- 

J j v« + v Q 



!j a-Q + irj 
The second term in (6.20) is essentially explicit: 

Jja-Q + ir] Jj{a-Q) 2 +V 
The imaginary part of the integrand is uniformly bounded. The integral 

a-Q 



I 

Jm, 



Lx(o,a-i) (a-Q) 2 + r] 2 
is zero if a > 1 by symmetry. For a < 1 



dQ 



/" a+1 a-Q 
^ = ^ (a-Q) 2 + 7] 2 dQ ~ ( const -)l log«l 



r +1 a-Q = r +1 a-Q 

imax(o,a-i) (a - Q) 2 + ?? 2 7 2a (a-Q) 2 + ?? 2 ' 
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Considering that g(a) ~«2 1 for small a, we see that the second term in (6.20) is bounded 
for d > 3, and has a logarithmic singularity for d = 2. This concludes the proof of part (i). 

(ii) For the proof of (3.66) and (3.67), notice that 

' = -±\og{z-Q). 



z — Q dQ 

Since Imz > and Q is real, we always evaluate the logarithm on the upper half plane. So 
we can choose any branch of the logarithm and fix it. Integration by parts from (6.19) gives 



if d = 2, and 



if d > 3, with 



Y{z) = -f* (0) log^ + / log(z - Q)F(Q)dQ 



Y(z) 



log(z - Q)F{Q)dQ 



Notice that F(Q) is smooth away from the origin, it has a strong decay at infinity and it has 
a Q~ x l 2 singularity at Q = 0. Hence 



Y(z)-Y(z') 


< iiriu 


log z — log z' 


+ 


I 













J ( \og(z -Q)- \og(z' - Q)) F(Q)dQ 



and the first term is present only in d = 2. For the first term we use the following estimate 
which can easily be checked 

1 1 



log z — log z' < (const.) I ^ — z'\ ^— j- + — ^| j . 
We rewrite the second term 



(6.21) 



f 00 ( \og{z -Q)- \og{z' -Q))F(Q)dQ = [ f°° 

J0 V J JT(z,z') JO S - V 

' \F(Q)\ 



d\Z\ 



dQ 
dQ 



r(z,z') Jo — Q\ 

where F(z, z') is any path in the upper half plane that connects z, z' . Here is the arclength 
measure. It is an easy exercise to show that for Im£ > 

\F(Q)\ 



o 



■dQ< (const.)|^r'||/||2d,2d 



(6.22) 
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using the properties of F listed above. We choose the path T(z, z') that goes from z = a + in 
to a' + in then to z' = a' + in' along straight line segments (recall that rj' < n < 1/2). The 
integral of the right hand side of (6.22) along this path gives 



Combining these estimates we obtain (3.66) and (3.67). □ 
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